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Most problems from continuum mechanics, from the mathematical point of view, are
formulated as boundary and/or initial problems for certain special classes of (ordinary
or partial) differential equations. However, come considerations, typically those incorpo-
rating the thermal behaviour of material at high temperature, insert non-local (integral)
terms into such equations, which brings complication both to the existence theory and
to the design of effective algorithms for numerical simulations. Such one-dimensional
stationary model problem, taken from [5], includes the physical analysis of diffusive and
massive phase transformation in substitutional alloys for an arbitrary finite number r + 1
of components where r ∈ {1, 2, . . .} under the assumption of the finite positive thickness
h of the interface between two different material phases. It is needed to find a vector
of molar fractions c of all components, in practice of all except the last one which are
allowed to be completed a posteriori. Consequently c(x) have values in the r-dimensional
Euclidean space Rr where 0 ≤ x ≤ H; H > h is some positive length. We have to know
all initial values c0 as the values of c for x = 0 (where the phase transformation starts)
and consider the interface for x ≤ h and the final phase for x > h.

The proper mathematical theory of diffusional phase transformation has been pub-
lished only for very special cases, as in [4]. The general case with a non-negligible interface
thickness and with r > 1 seems to be uncovered by any available mathematical literature.
The aim of this paper is to demonstrate, at least for sufficiently small nonlinear terms,
how the effective algorithm for numerical simulations can be suggested and how its math-
ematical correctness can be verified. An original MATLAB- (and partially also MAPLE-)
supported software solver has been created; some numerical results have been presented
in [5], a more extensive study (covering non-stationary analysis, interstitial components,
etc.) is being prepared.

The basic simplified differential equation for stationary phase transformation, in var-
ious forms repeated several times in [5], defined for 0 ≤ x ≤ H, is

B(c)c′ + K(c)c + vN(x)c = vN(x)c0 ; (1)

c′ is the brief notation for dc/dx and
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v =
∫ h

0
µ(c) dx . (2)

In this equation c has to be found from a subspace V of Sobolev space W 1,2((0, H), Rr)
satisfying c(0) = c0; consequently c′ belongs to the Lebesque space L2((0, H), Rr) and, by
the Sobolev imbedding theorem, discussed in [1], p. 134, c is even absolutely continuous on
(0, H). The values of µ(c) are real numbers, supposed to be bounded and non-negative.
Some additional assumptions must be accepted also for B(c), K(c) and N(x), whose values
are real matrices of order r: B and K map V to the Lebesgue space L∞((0, H), Rr×r), N
can be taken from L∞((0, H), Rr×r) directly.

The full text of this paper (see the attached CD-ROM) shows that the above sketched
problem can be solved using the following iterative procedure, based on the discrete
versions of (1) and (2), coming from the finite difference method and from the standard
numerical quadrature. The initial estimate of c is the extension of c0 to the whole interval
(0, H). Then v can be calculated from (2). Consequently, c in (1) can be evaluated,
step by step, in particular nodes; the result is the better estimate of c. The mathematical
analysis is based on the weak and strong convergence in special Sobolev spaces, namely on
the Eberlein-Shmulyan theorem, studied in [1], and on the classical and discrete versions
of the Gronwall lemma by [3] and [2].

The results of [5] show that even relatively simple equations can give new both quali-
tative and quantitative results. The overview of facultative generalizations is contained in
[6]. However, the characteristics B, K and µ (as very complicated functions of c, prepared
automatically by symbolic software manipulations) are derived from chemical potentials,
whose identification is rather difficult; the same is true for the interface mobility hidden
in µ and diffusive characteristics contained in N . The still open questions are now in-
tensively studied in the collaboration of the Montan University of Leoben (Austria), of
the Institute of Physics of Materials (Czech Academy of Sciences, Brno), and of the Brno
University of Technology.
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