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Abstract

This contribution deals with asymptotic behavior of solutions of a differential equation

with unbounded delay. This equation includes as the special cases some equations which
have been recently considered , for example the logistic equation with recruitment delays,
which was considered by Gopalsamy[2]. The purpose of this paper is the existence a solution
of this equation which may be at t — oo represented by asymptotic series. To prove this
results is used the modification of the Wazewski’s topological method.
The first Lyapunoff’s method is often used to construct the solution of ordinary differential
equations in the form of power—like series. Such a way is not possible here. First lefthand
ends of existence intervals of partial sums tend to infinity and, secondly, if ti does not happen,
the partial sums need not converge uniformly.

1 Introduction

In this contribution we consider the asymptotic properties of solutions of delayed differential
equation

N .
9@0i(t) = —ay(t) + Y a(t)(y(€1)", (1)
lij=2

where a is a positive constant, N > 2 is a integer, i = (i1,...,%,) is a multiindex, (i; > 0 are
n n
integers) [i| = > ij, and y(&(t)' = (y(&®), -, y(&®) "™ = [T (w(& 1)"-
j=1 j=1

The continuous functions ;(t) satisfy Tp < &;(t) <t for all t € [tg, 00). Further conditions
for the continuous functions g(t) : [tg,00) — R4 and ¢i(t) : [tg,00) — R will be given latter.

The purpose of this paper is study the asymptotical properties of solutions of the equation (1).
We find conditions for existence solution y(t) = y(t, C) of (1) which may be at ¢ — oo represented
by asymptotic series (symbol ~ denotes the asymptotic expansions)

y(t) = Y fr®)e"(t,0), (2)
k=1

where ¢(t, C) is the solution of the homogenous equation g(t)y(t) = —ay(t), given by the formula
t

o(t,C) = Cexp/_(a)du., fi(t) = 1 and the functions fi(t) for & = 2,..,n are particular
g(u

solutions of some system of auxiliary differential equations. To prove our results we will use
Wazewski’s topological method in the form, which is used in [1] for differential equations with
unbounded delay and finite memory, for more details about this type of equations see [3].



2 Basic Notion

We define the function £(t) = 11312 &i(t). Therefore all asymptotic relations will be considered

for t — oo, this fact will be below omitted and also throughout this paper g(t), G(t) denote
functions such that

C1. g(t) € CY[0,00), g(t) > 0 for t >ty and g(t) = O(1) .
. -1
C2. G(t) — G(&(t)) = o(G(t)), where function G(t) is define as G(t) = (of g H(u) du)

Remark 1 This conditions enable to consider relative large class of functions. We note that

*®ad
the condition C1. evokes that the integral / 993 s divergent and at the first the function

o 9(s)

o(t,0) satisfies *(t,C) = o (¢'(t,C)) for k > 1 at the second G(t) = o(1).

Gew) _,
G(t) '

Therefore G(t) > 0 the second condition C2. is another form of relation 1tlim
—00

moreover yields t — &(t) > r > 0 we have G(t) = o(g(t)).

We consider the equation
y(t) = y(t) f1(t) + fa(t), (3)
where fi(t) € Ctg,0), fi(t) > 0, (fl(t))_1 = O(1) and also exists the continous function
K(t) such that K(s) — K(t) = O(f fl(u)du) and moreover the function fo(t) fulfils :
t

1. tlim fa(t) exp (—7K(t)) = 0 for all positive 7.
2. tlirn fa(t)exp (TK(t)) = oo for all positive .

Lemma 1 If the function fo(t) satisfies the assumption 1 then there exists at least one solution
Y (t) of the equation (3) satisfying the assumption 1 too.

If the function fa(t) more over satisfies the assumption 2 then the solution Y (t) satisfies as-
sumption 2 too.

Proof :
From the assumptions 1, 2 for sufficient small 7 we get

Ajexp (—TK(t)) <|Y(t)| < Agexp (TK()),

[e.e]

where Y (t) = [(—f2(s) exp [ —fi(u)du)ds and A;, Ay are suitable constants. The assumption
t

1 implies the ﬁtrst inequality ensuring the existence of the integral which is the solution of given
equation.

For easy specification of coefficients power series which is the product of the power series
raised to a power, it is suitable to denote:

o
s = (s1,...,5y) is an ordered n-tuple of these sequences s; = {55C } , of nonnegative

[ee)
integers with finite sum [s;| = > 5;? and
k=1

C = (c1,...,¢y) is an ordered n-tuple of sequences (of numbers or functions) c; = {C§ }oo, and
i(s) = (Is1],- -, [snl)



j=1k=1 j=1k=1
s _ ' k 5? | —
cs=IT1I(" i@t =]Tlslt
j=1k=1 j=1

where (cf)o =1 for every cé? . Then it is possible to express:

fI(Sar) -5 5
Jj=1 k=|i| i(s)=
V(s):k

where symbol Z denotes the sum over all s such that V(s) =k, i(s) =1= (i1,...,i) .

i(s)=i
V(s)=k

3 Main results

Let the formal solution of equation (1) is expressed in the form (2), where ¢(¢,C) is the general
t

solution of the equation g(t)y(t) = —ay(t), consequently ¢(¢t,C) = Cexp [ ﬁg) ds, where C is
to

a constant and function fi(¢) = 1, fr(t) for £ > 2 are unknown functions for the time being.
Substituting () in the equation (1) and comparing coefficients of the same powers ©*(¢,C) we
obtain an auxiliary system of linear differential equations:

9(6)felt) = a(k — 1) (¢ +Zc1 Py {8l e where (10)

F(t) = ({fk(é&(t))eXp f g‘zﬁ)du} : {fk £n(t) ft by } )
&) k=1 &n(t) ft

As V(s) = k > 2 and |i(s)| > 2 we get st = 0 for | > k, therefore the auxiliary system (4;) is
recurrent.

Theorem 1 Let the functions ¢;i(t) fulfil

. todu
ol o[} o
for all positive T, then there exists a sequence {fi(t)}72, of solutions of the auxiliary system

(4x)

R = /too _—:) Z ¢(t) Z ‘ii;l'}_ﬁ exp{— tfs a(gk(u)l)du}ds (5x)

such that

t
lim fx(t) exp{T/ du} =0 for all positive T.
00 to g(u)



Proof: The formulas (5;) are obtained by integrating the system (4;). For the applying

adu

lemma 1 we put K(t) = o) The condition ¢ 2 gives the fact that for the function y(t)

satisfying the assumptions 1 of the lemma 1 the function y(£(¢)) satisfies this assumption too.
Therefore the sum and the product of functions verifying the assumptions 7 of the lemma 1
satisfy the assumptions 1 lemma 2, using lemma 2 we can easily show the convergence of (5
) and desired property.

Remark 2 Analogous assertion of theorem 1 with property which is described by the assumption
2 of lemma 2 is not possible to prove, for the sum of functions verifying the assumption 2 must
not satisfies this assumption.

We shall denote:

k
= Zfl(t)ﬂol(t C)
=1

Theorem 2 Let the assumptions of theorem 1 hold and suppose that

Jlim £l (t) exp(=rG7H(t) = 0

where T < 1 is a constant.
Then for every C # 0 and ¥ € CO[—r,0],|[1| < 1,9(0) = 0 there exists a solution yc(t) of
equation (1) such that

lyo(t) = yr(®)] < 8l frra (D" (2, O)] (7)

for t € [tc,00) where coefficients fi(t) are the solutions (5) of the system (4;), 6 > 1 is a
constant, to is a function of the parametr C' and of 9, k.

Proof: The existence of solution y¢(t) which satisfies the inequality (7) is proved by Wazewski’s
principle for retarded functional differential equations with unbounded delay with finite memory.
For this method see [1]. The prove is analogous with the prove in [4] and the technical details
are omitted.

Theorem 3 Let the assumptions of theorem 1 be satisfied and there exist a sequence { K}32,, Ko =
1 such that assumptions of theorem 2 are satisfied for every K.
then there exists the asymptotic expansion of the solution yc(t) in the form

ZFk of*(t,C),

Kp—1
where Fy(t Z fi(t) L (t,C), fi(t) are solutions 5; and ng = 1 in the summation of Y;.
=K1

Proof: As

im Fk+1(t)80k+l(ta C) — lim fnk+1 (t) + fnkJrl*lSD(t’ C) +
t—oo Fk(t)gok(t,C') t—oo fnk( )—ank,l(p(t,C)—i—"'—i—
ot fnk (t)wnk (t’ C)fnk (t)spnk_‘—l_mc (t’ ¢
R R (9 (N @)

) Sonk+1*nk (t, C) =0

the assertion is proved.
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