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The following special notation will be used throughout the presentation:

AC\oe (I, M) class of all locally absolutely continuous functions I — M
Lyoe(I, M) class of all locally Lebesgue integrable functions I — M
K(I xQ,M) class of all functions I x €2 — M satisfying Carathéodory

conditions on I x €.

The subject of our study is the real two-dimensional system

(1) = A(t)z(t) + B(t)x(r(t) + h(t, x(t), z(7(1))), (0)

where A(t) = (ai(t)), B(t) = (bi(t)) (i,k = 1,2) are real square matrices and h(t,z,y) =
(hl(t x,y), ha(t, x,y) ) is a real vector function. We suppose that the functions a;; € ACioc([to, 00), R),
bir € Lioc([to, >0), R) and the function h satisfies Carathéodory conditions on

[to, 00) x {[21,72] € R%: 2% 4+ 23 < R?*} x {[y1, 0] € R*: y? + 43 < R?},

where 0 < R < oo is a constant and = = [z1, 23], y = [y1, y2].

For the investigation of the problem we use results obtained by the combination of the
method of transformation of the two-dimesional real system into one equation with complex-
valued coefficients and the method of Lyapunov-Krasovskii functional.

Introducing complex variables z = x1 + ixe, w = y1 + iy2, we can rewrite the system (0) into
an equivalent equation with complex-valued coefficients

(1) = a(t)z(t) + b(1)2(t) + A(t)2(r (1)) + BO)Z(7(1) + 9(t, 2(1), 2(7 (1)), (1)

where A, B € Lijpe(J,C), a,b € ACoc(J,C), g € K(J x Q,C), where J = [ty,0), = {(z,w) €
C?: |z| < R,|w| < R}, R > 0.
We assume that 7 € AC)(J,R) is such that 7(¢t) < ¢ and lim 7(¢) = co.

t—o0
In this presentation we consider the case

lim inf (Ja(t)| — [b()]) > 0 )

and study the behavior of solutions of (1) under this assumption.

The idea is based upon the well known result that the condition |a| > |b| in an autonomous
equation 2’ = az + bz ensures that zero is a focus, a centre or a node.

The inequality (2’) is equivalent to the existence of Ty > to, T'> T} and p > 0 such that

la(t)| > |b(t)| + p for t > T1, t>7(t)>T fort >T. (2)

Denote ~(t O]+ Vl]a — |b(t)|?, c(t a‘(fl |)




Since y(t) > |a(t)] and |c(t)| = |b(t)], the inequality v(t) > |¢(t)| + p is true for all ¢ > Ty. Tt
is easy to verify that v, c € AC)c([Th, ), C).
Further we denote

e[

We will consider following assumptions:

sgnRea(t), 9(t) = Re(y(t)y'(t) —e(t)d(t)) T \7)

D) () =7 ()e(t)]
VA (t) = le(t)] '

2

(i) The numbers T1 > tg, T > T} and p > 0 are such that (2) holds.

(ii) There are functions kg, £1: [T, 00) — R such that

Y (B)g(t, 2,w) + c()g(t, 2, w)| < Koty (#)2(F) + c(®)Z()] + 1)y (7(8))w + (7 (1)) w]
for t > T, |z| < R and |w| < R, where kg € Lioc([T, 0), R).

(iii) B € ACioc([T,00),RY) is a function satisfying 7/(¢)3(t) > 1(t) a. e. on [T,00), where 1) is
defined for every ¢t > T by

v = m®) + (4D + B

(iv) The function A € Lio.([T, ), R) satisfies the inequalities 3'(t) < A(t)3(t), 6(¢
almost all t € [T, 00), where the function 6 is defined by 0(t) = a(t) Rea(t) +9(
B(t).

Notice that from (ii) it follows that the equation (1) has the trivial solution z(t) = 0.

Theorem 1. Let the conditions (i), (ii), (iii) and (iv) hold. If limsup,_, ftA(s)ds < 00, then
the trivial solution of (1) is stable on [T, 00).

The proof and more results and details are contained in [1].
New results obtained from Theorem 1 are:

Corollary 1. Let the assumptions (1), (i) and (iii) be fulfilled. If for some K € Ry and To > T
the function B(t) satisfies B(Ta) = K, B(t) < K for all t > Ty and

t

tlirn [0%(s)]+ds < o0,
where 0*(t) = 0(t) — B(t) + K and [0*(t)]+ = max{0*(t),0}, then the trivial solution of (1) is
stable.

Corollary 2. Assume validity of the conditions (i), (ii) and (iii). If B(t) is monotone and

bounded on [T, 00) and if
t

lim [ [0(s)]+ds < o0,

t—o0
where [0(t)]+ = max{0(t),0}, then the trivial solution of (1) is stable.
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