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Abstract

In this paper two results from the theory of stability of a real two-dimensional system
2'(t) = A(®)x(t)+B @)z (7(t))+h(t, x(t), 2(7(t)) are presented, where 7(t) < t is nonconstant
delay, A, B are the matrix functions and h is the vector function.

The results are obtained as consequences of the theorem presented before in the paper
by J. Kalas ([1]).

1 Introduction

The following notation will be used throughout the presentation:

R set of all real numbers

Ry set, of all positive real numbers

R?r set of all nonnegative real numbers

C set of all complex numbers

N set of all positive integers

Rez real part of z

Im 2z imaginary part of z

z complex conjugate of z

AC\oe (I, M) class of all locally absolutely continuous functions I — M
Lioe(I, M) class of all locally Lebesgue integrable functions I — M
K(I xQ,M) class of all functions I x Q — M satisfying Carathéodory

conditions on I x €.

The subject of our study is the real two-dimensional system
2'(t) = A(t)z(t) + B(t)x(r(t)) + h(t, x(t), z(7(1))), (0)

where A(t) = (ai(t)), B(t) = (bi(t)) (i,k = 1,2) are real square matrices and h(t,z,y) =
(hl(t,x,y), hQ(t,m,y)) is a real vector function. We suppose that the functions a; are locally
absolutely continuous on [tg, 00), b;; are locally Lebesgue integrable on [tg, 00) and the function
h satisfies Carathéodory conditions on

[to,00) x {[x1,z2] € R*: 2% + 23 < R*} x {[y1, 0] € R?*: 9% +y3 < R?},

where 0 < R < oo is a constant and = = [z1,x2], y = [y1,¥2].
The aim is to find some sufficient conditions for stability of the trivial solution of equation
(0) when this solution exists.



For the investigation of the problem we use results obtained by the combination of the
method of transformation of the two-dimesional real system into one equation with complex-
valued coefficients and the method of Lyapunov-Krasovskii functional, which is to a great extent
effective exactly for two-dimensional systems. This combination was successfully used in [3], [2]
and [1] and leads to interesting results.

Introducing complex variables z = x1 + ixe, w = y; + iy2, we can rewrite the system (0) into
an equivalent equation with complex-valued coefficients

(1) = alt)= (1) + {E)2(E) + A= (1)) + B)(r(t) + g(t, 2(0), 2(r (1),
where . .
a(t) = 5(a11(t) + az(t)) + (a2 (t) — anx(?)),
b(t) = 5 (ana(t) — axn(t) + (aan(r) + ans(r),
At = S (0) + baa(t)) + (b (1) — braf)),

B(#) = 5 (br1(0) — baa(t) + (baa(1) + braf)),

1 1 1 . _
g(t, z,w) :hl(t,§(z+z),ﬂ(z—z),§(w+w), 2Z(w—w))
—HM@%&+®%%%@L;w+M,#w—@)

Conversely, this equation can be written in the real form (0) as well. For details see [2].

2 Results

We study the equation

(t) = a(t)z(t) + b()Z(t) + A(t)2(r(2) + B(t)Z(7(2)) + 9(t, 2(t), z(T(t))), (1)

where A, B € Lio.(J,C), a,b € ACoc(J,C), g € K(J x ,C), where J = [ty, 00 = {
C?: |2| < R,|w| < R}, R >0, and 7 € ACjoc(J, R) is such that 7(¢) <t and hm T( ) =

In this presentation we consider the case

lim inf (Ja(t)| - [b(t)]) > 0 (2))

and study the behavior of solutions of (1) under this assumption.
The idea is based upon the well known result that the condition |a| > |b| in an autonomous

equation 2’ = az + bz ensures that zero is a focus, a centre or a node. Details are contained in
[3].
The inequality (?77?’) is equivalent to the existence of 71 > tg, T' > T and p > 0 such that

la(t)| > |b(t)| + p for t > T7, t>7(t)>1T fort >T. (2)

Denote

— la@®)] + VaBP ~BOE,  e(t) = ) 3)

Since ~y(t) > |a(t)| and |c(t)| = |b(t)|, the inequality

Y(t) > [e(t)] + (4)
is true for all ¢ > T7. It is easy to verify that v, c € AC)oc([T1, 0),C).



For the purpose of this paper we denote

2((72) sgnRea(t),
_ Re(y(0)Y'(t) —e(&)d' (1)) + [y () (t) =~ (B)et)|

V2 (t) = [e()?

alt) =1+

0(t)
We will consider following assumptions:
(i) The numbers T1 > tg, T > T} and p > 0 are such that (2) holds.
(ii) There are functions ko, k1: [T,00) — R such that
Y()g(t, 2, w) + c(t)g(t, 2, w)| < ko () |y()2(t) + c()Z(E)| + r1 () [y (7(8))w + e(7(¢))w]
for t > T, |z| < R and |w| < R, where kg € Lioc([T, 0), R).
(iii) B € ACioc([T,00),RY) is a function satisfying
T'(4)B(t) > ¥(t) a. e on [T,0),

where 1) is defined for every t > T by

V() = m(®) + (A0 + [BO)

(iv) The function A € Lio.([T, 00), R) satisfies the inequalities 8'(t) < A(t)5(t), 6(t) < A(t) for
almost all ¢t € [T, 00), where the function 6 is defined by

0(t) = a(t) Rea(t) + 0(t) + ro(t) + B(t). (5)

Clearly, if A, B, k1 are absolutely continuous on [T, 00) and v(¢) > 0 on [T,00), we may

choose ((t) = ¥(t).
Under the assumption (i), we can estimate
[Re(vy —ed)[+ e ='e] _ (WI+ 1Dl +el)
9] < 2 2 = 2 2 =
72 = el 72 = el
I+ L
=1 < -+,
[ =lel — m
hence the functions ¥ and 6 are locally Lebesgue integrable on [T, 00). Moreover, if § €
ACoc ([T, 00),Ry), then in (iv) we may choose

A(t) = max(6(1), g(%) ).

Notice that the condition (ii) implies that the function x;(t) are nonnegative on [T, 00) for
j = 0,1, and due to this, ¢(¢) > 0 on [T, 00). Finally, from (ii) it follows that the equation (1)
has the trivial solution z(¢) = 0, which is crucial for our considerations.

Theorem 1. Let the conditions (i), (ii), (iii) and (iv) hold.
a) If

t
limsup/A(s)ds < 00,

t—o00

then the trivial solution of (1) is stable on [T, 00);



b) if

¢
lim [ A(s)ds = —oo,

t—o0

then the trivial solution of (1) is asymptotically stable on [T, o).

Proof. The proof is contained in [1]. Remark that the key point of the proof is to find suitable
Lyapunov function. It appears to be the function

t
v v+ 50 [ Uls)s
7(t)

where U(t) = |v(t)z(t) + c(t)z(t)|. O
Remark 1. Since
Re(yy' —ed) + v =v'el _ (WT+ Dl +1e) _ WI+I¢]

7 = lef? 72 = lef? v = lel
it follows from (4) that we can replace the function ¥ in (5) by ﬁ(h’l + |c]).

U= <

Now we are able to derive new results from Theorem 1:

Corollary 1. Let the assumptions (i ( ), (ii) and (iii) be fulfilled. If for some K € Ry and To > T
the function B(t) satisfies 3(Tz) = K, 3(t) < K for allt > Ty and

t

lim [ [0*(s)]+ds < o0,

t—o00

where 0*(t) = 0(t) — B(t) + K and [0*(t)]+ = max{0*(t),0}, then the trivial solution of (1) is
stable.

Proof. Put
N B(t) on [T,T5];
K for t > Ts.
Then (*(t) € ACioc ([T, 0),R%) and (* satifies (iii) since 7/(t)3*(t) > ¢(t) a. e. on [T, 00).
Now (5*)'(t) = 0 on [Ty, 00), and also (%t)(/t()t) = 0 on [T, 00). Obviously we may put
A*(t) = max{0"(t),0} = [07()]+
on [Ty,00). Then A* satisfies the condition (iv) on [T, 00) and it follows that

t

limsup/A*(s)ds = limsup/[9 (s)]+ds = hm/ $)]+ds < 0.

t—o00 t—o0

The assertion now follows from Theorem 1. O

Corollary 2. Assume validity of the conditions (i), (ii) and (iii). If B(t) is monotone and
bounded on [T, 00) and if
t

lim [ [0(s)]+ds < oo,

t—o00

where [0(t)]; = max{6(t),0}, then the trivial solution of (1) is stable.



Proof. Suppose firstly that g is non-increasing on [T, 00). Then 3 < 0 a.e. on [T, 00).

If B(T3) = 0 for some Ty > T', then B(t) = 0 on [T, 00). Consequently, A has to satisfy only
the inequality 0(t) < A(t) a.e. on [Ty, 00), so we may choose A(t) = 0(t) on [T, 00). It follows
that A(t) = 0(t) < max{6(t),0} = [0(t)]+.

On the other way, if 3(t) > 0 on [T',00), we may put A(t) = max{6(t), w} Then

B(t)
B'(t) -
5(15) } < max{ﬁ(t),()} — [9(t)]+

In both cases, A satisfies the condition (iv) and the inequality A(t) < [0(¢)]+ on [T%, o),
hence

A(t) = max{6(¢),

limsup/A(s)ds < 11msup/[0(s)]+ds = lim [[0(s)]+ds < oc.

t—00 t—o00 t—00

Now assume that [ is non-decreasing on [T, 00). Then ' > 0 a.e. on [T, o).
If B(t) =0 on [T, 00), we may treat it as above.
Otherwise, there is some T3 > T such that 5(t) > 0 on [T3,00) and we may choose A(t) =

max{6(t), %} on [T3,00). Clearly A satisfies the condition (iv) on [T3,00). Since 5’ > 0 a.e.
on [T, 00), it follows that % >0 a.e. on [T3,00). Hence

_ g(t) A1) p(t)
A(®) = max{o(0). S} < max{{p(0) 53} < olo) +

and then

t t 6 .

liirisoljp/A(s)ds < li?ligp/[H(s)]des + liﬁgp/ Bﬂ((t)) ds <
t
< tlim [0(s)]+ds + limsup(In(B(t))) — In(3(T3)) < oo
— t—o0
since [ is bounded on [T, 00).
The statement follows from Theorem 1. O

3 Conclusion

We found two sufficient conditions on stability of the trivial solution of real two-dimensional
differential system with nonconstant delay. We obtained them from more general sufficient
condition. The new results appear to be effective since the assumptions should not be too
difficult to verify.

We investigated the case liminf oo (Ja(t)| — |b(t)|) > 0. Similar and under some conditions
more suitable results can be found in the case liminf; . (|Ima(t)| — [b(¢)]) > 0.
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