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Let a positive integer N be fixed as well as a finite set of integers k0, k1, . . . , kN such that
0 = k0 < k1 < · · · < kN . We consider a hybrid system given by a set of linear discrete subsystems
with delay and with constant coefficients

x(k + 1) = Aix(k) +Bix(k −m), i = 1, 2, . . . , N (1)

where m is a positive integer and for every fixed i: ki−1 ≤ k < ki, Ai and Bi are n× n constant
matrices, and x : {ki−1, ki−1 + 1, . . . , ki} → Rn is a dependent variable.

We use norms |x(k)| =
(∑n

i=1 x
2
i (k)

)1/2 where k ∈ {−m,−m + 1, . . . , kN}, ‖x(k)‖2γ =(∑m
j=0 γ

j |x(k − j)|2
)1/2

where k ∈ {0, 1, . . . , kN}, γ ∈ (0, 1) and define λmax(·) (λmin(·)) as the
largest (the smallest) eigenvalue of a symmetric matrix. Let H and G be n×n positive definite
symmetric matrices, γ ∈ (0, 1) and ε > 0. We define

ϕ11(H) :=
λmax(H)
λmin(H)

, ϕ12(G,H) :=
λmax(G)
λmin(H)

, ϕ22(G) :=
λmax(G)
λmin(G)

, ϕ21(G,H) :=
λmax(H)
λmin(G)

.

We also define an auxiliary matrix

S1(G,H, γ) :=
(
H −AT (H +G)A −AT (H +G)B
−BT (H +G)A γm+1G−BT (H +G)B

)

and a number

ς :=





1− 1
λmax(H)

[ελmin[S1(G,H, γ)]− (ε− 1)λmax(H)]

if (1− εγ)
λmin(G)
λmax(G)

≥ 1
λmax(H)

[ελmin[S1(G,H, γ)]− (ε− 1)λmax(H)] ,

1− (1− εγ)
λmin(G)
λmax(G)

if (1− εγ)
λmin(G)
λmax(G)

<
1

λmax(H)
[ελmin[S1(G,H, γ)]− (ε− 1)λmax(H)] .



Theorem 1 Assume Ai ≡ A, Bi ≡ B, i = 1, . . . , N . Let ε, γ be positive numbers satisfying
ε ≥ 1, εγ < 1 and G, H be positively definite matrices such that S1(G,H, γ) is also positively
definite. Then (1) is asymptotically stable and

|x (k)| ≤
[√

ϕ11 (H) |x (0)|+
√
ϕ12 (G,H) ‖x (0)‖2γ

] ( ς
ε

)k/2
,

‖x (k)‖2γ ≤
[√

ϕ21 (G,H) |x (0)|+
√
ϕ22 (G) ‖x (0)‖2γ

] ( ς
ε

)k/2

if k = 0, 1, . . . , kN .

Now we define

S0(G,H) :=
(
AT (H +G)A AT (H +G)B
BT (H +G)A BT (H +G)B

)

and a number

ς∗ =





1− ε

λmax(H)
[
γm+1λmin(H)λmin(G)− λmax [S0(G,H)]

]

if
ε

λmax(H)
[
γm+1λmin(H)λmin(G)− λmax [S0 (G,H)]

] ≤ (1− εγ)
λmin(G)
λmax(G)

,

1− (1− εγ)
λmin(G)
λmax(G)

if
ε

λmax(H)
[
γm+1λmin(H)λmin(G)− λmax [S0(G,H)]

]
> (1− εγ)

λmin(G)
λmax(G)

.

Theorem 2 Assume Ai ≡ A, Bi ≡ B, i = 1, . . . , N . Let G, H be positively definite matrices

and ε, γ numbers satisfying ε > 0, γ > 0, εγ < 1, γ >
{
λmax [S0(G,H)]
λmin(H)λmin(G)

}1/(m+1)

. Then

|x (k)| ≤
[√

ϕ11 (H) |x (0)|+
√
ϕ12 (G,H) ‖x (0)‖2γ

]( ς∗
ε

)k/2
,

‖x (k)‖2γ ≤
[√

ϕ21 (G,H) |x (0)|+
√
ϕ22 (G) ‖x (0)‖2γ

]( ς∗
ε

)k/2
.

We apply above theorems to every particular subsystem of (1) and, finally, we get estimations
of all solutions of hybrid system (1) on the whole interval considered.
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