Two examples of the constructions of non-continuous t-norms
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Abstract

In this contribution we present some interesting constructions of non-continuous trian-
gular norms.

The first approach is based on strictly increasing sequences of natural numbers. An
associative commutative monotone and bounded by minimum binary operation on these
sequences induces a t-norm. The corresponding t-norm is left continuous and therefore
it is applicable in the fuzzy logic. Several other interesting properties of this t-norm are
investigated, including its residual implicator.

Second approach uses idea of multiplicative generator ¢ of a triangular norm is a special
monotone function ¢ : [0,1] — [0,1] with fixed point 1 and ¢(0) < 1. The corresponding
t-norm T is defined by means of ¢ as follows:

T*(z,y) = ¢ V()0 (1)),

where (=1 :[0,1] — [0, 1] is a so-called pseudo-inverse of . If strictly increasing function
 is left continuous, but non-continuous, then associativity of induces operator is violated,
[6]. However, then the operation

min(z, y) if max(z,y) =1,
(D (2).0"V(y)) otherwise,

T*(‘Tvy) = {

defines a non-continuous t-norm. Some example will be given.

1 Introduction
First we can recall some important definitions and properties of triangular norms.

Definition 1 A triangular norm (t-norm for short) is a binary operation on the unit interval
[0,1], i.e., a function T : [0,1)> — [0, 1] such that for all z,y, 2 € [0,1] the following four axioms
are satisfied:

e (T1) Commutativity
T(z,y) = T(y, ),

o (T2) Associativity
T(x,T(y,2)) =T(T(x,y), 2),

e (T3) Monotonicity
T(z,y) <T(x,z) whenever y< z,

e (T4) Boundary Condition
T(x,1) = x.



Proposition 1 A t-norm T is left-continuous if and only if it is left-continuous in its first
component, i.c., if for each y € [0,1] and for each non - decreasing sequence (z,)nen € [0, 1]V
we have

sup T'(xy,y) = T(sup p,y).

neN neN
Now, we will turn our attention to the Archimedean property. We recall another definition of
Archimedean t-norms, which is equivalent with the classical one.

Proposition 2 A t-norm T is Archimedean if and only if for each x €]0,1[ we have

lim T'(x,...,x) =0.
0 p-times

Following important algebraic property is strict monotonicity.

Proposition 3 A t-norm T is strictly monotone if and only if the cancelation law holds, i.e.,
if T(x,y) =T(x,z) and x > 0 imply y = 2.

Definition 2 Let T be a t-norm. An element a €]0,1[ is called a nilpotent element of T if there
exists some n € N such that agfL) =0.

Multiplicative generator ¢ of a triangular norm is a strictly increasing function ¢ : [0,1] —
[0,1] such that p(1) =1 and ¢(z).¢(y) € H(p) or ¢(z).¢(y) < ¢(0). The corresponding t-norm
T is defined by means of ¢ as follows:

T(z,y) = ¢ (p(x).0(y)),

where (=1 : [0,1] — [0,1] is a so-called pseudo-inverse of ¢ defined by
Pl () = sup(x € [0, 1]; () < t)

with convention sup® = 0.

Continuous t-norms which are not Archimedean cannot be generated by means of multi-
plicative (additive) generator. However, there are several non-continuous t-norms which are
generated [5], e.g. the drastic product Ty. Assuming the left-continuity of a t-norm, note that
only generated t-norms are then continuous and consequently Archimedean. On the other hand,
there are examples of non-continuous generated t-norms which are non-Archimedean (and then
necessarily not continuous).

2 The construction based on sequences

In theory of t-norms we know some standard constructions, for example ordinal sums, (p—transformations
and constructions with additive or multiplicative generators. In this contribution we will deal

with non-standard types of constructions of t-norms. The proofs of following propositions we

can find in [7] and [8]. For x €]0, 1], we can write

=1
xzz%_,

=1

which is the unique infinite dyadic expansion of =, where (z;);cn is strictly increasing sequence
of natural numbers. It is easy to see that each x € ]0,1] is in a one to one correspondence with
(x;)ien strictly increasing sequence of natural numbers.

T~ (Ti)ieN



Remark 1 Let z ~ (x;)ien and y = (y;)ien- Then x <y if and only if there exists k € N such
that for alli € N, i < k, we have x; =1y; and x> Yk.

Some of recently introduced new t-norms based on above described dyadic expansion are recalled
in the following example. These t-norms are not continuous and have a dense set of discontinuity
points, see Budincevi¢ and Kurilié [1].

Example 1 For (z,y) € 10,1]? let

[e.e] (e}

1 1
x:Zﬁ and y:Zﬁ’

i=1 =1

be the unique dyadic representations of x and y. Then the t-norm Ty : [0,1]? — [0, 1] is given by

00
1 ; 2
2T Fy; Zf ($7y) 6]071[ )
Tl(:pvy) = Z; 2n

min(z,y), otherwise,

and the t-norm Ty : [0,1)2 — [0,1] is given by

= 1 : 2
Ti-Yg ) Zf x’:y 60717
Dy = {7 Tow e

min(z,y), otherwise.

Both Ty and Ty are Archimedean and strictly monotone t-norms, which are neither left nor
right continuous.

Based on the original idea of Budin¢evi¢ and Kurili¢ [1], the reals from the half-open interval
10,1] are transformed into the strictly increasing sequences of natural numbers. An associative
commutative monotone (and bounded by minimum) binary operation on strictly increasing se-
quences of natural numbers induces a t-norm. However, the mentioned binary operation need
not be the coordinatewise extension of some given binary operation on natural numbers as
proposed in [1]. The usual requirement in fuzzy logic to a t-norm T to model a conjuction is
its left-continuity. Then, the implication can be modeled by the corresponding residual oper-
ator. Therefore we will investigate t-norms with similar properties as in above example under
additional requirement of their left-continuity.

Proposition 4 For (z,y) € 10,1]? let

[e.e] e ¢}

1 1
v=) 5 and y=) o
=1 i=1
x = (;)ien and y = (Yi)ien

be the unique dyadic representations of x and y. Let T, : [0,1]?> — [0,1] be given by

0, if min(x,y) =0,

T =&
«(z,9) S W, otherwise.
i=1

Then Ty is a strictly monotone t-norm.



Remark 2 Note, that T, is left continuous. FEach point (z,y) € ]0,1[2, where at least one
coordinate has a finite dyadic representation, is a discontinuity point. We can see the set of
all discontinuity points of t-norm T, is dense in the unit square. Recall that the left-continuity
of Ty allows its application in the framework of fuzzy logic to model a non-continuous fuzzy
congunction. This result is also a negative answer to the open problem of E.Pap (Is a strictly
monotone t-norm continuous in point (1,1) necessarily always continuous ?), see [3]. Now, we
will turn our attention to the Archimedean property. Indeed, for any x €]1— 2%, 1— 2n—1+f]7 n € N;

1

lim Ty(x,..,z)=1-— o

m—00 -
m-times

violating the Archimedean property of T,. Now, we stress that T, is an example of a strictly
monotone t-norm, which is not Archimedean.

Let T be a left-continuous t-norm which models a fuzzy conjuction. A standard way how to
introduce a fuzzy implication based on T uses the residual operator Rp

Rr(z,y) = sup(z € [0,1];T(z,2) < y).

For t-norm T, we obtain the following residuation:

. . )
mln(L%)’ lfajgyorg;:z_n’
* 1 )
Z; ST T otherwise,

where (y; — z; + i);en is an increasing sequence for i € {1,...,k} and yr — zx + k > Y1 —
Zr+1 + k + 1. Note that 8 = 1 by convention.
Another t-norm with similar properties as T} is Tix,

0, if min(z,y) =0,
T**(‘Tay) =9 X

1 .
> SO —T—T,  Otherwise.
i=1

Finally, a family of t-norms (7} )xen with similar properties is given by:

k 1 00 1
Ty (w,y) = Z oTi+yi—i + Z o(wi—i+1).(yi—i+1)+i—1"
i=1 i=k+1

Remark 3 Note that t-norms T, and T,y can be understood as limit members of the family

(Tk)ken
T, =Ty and Ty, =1Tp.

3 The construction based on idea of multiplicative generators

For z €]0, 1], we can write
[e.e]
Z;
-3z
i=1
which is the unique infinite dyadic expansion of x, where z; € {0,1} fori € N. Theset {i;z; = 1}

is infinite. It is easy to see that each x € ]0,1] is in a one to one correspondence with (z;);en,
where x; € {0,1} and card {i;x; = 1} is infinite. We will use the following notation:

T~ (2)ieN-



Remark 4 Let z ~ (x;)ien and y = (y;)ien- Then x <y if and only if there exists k € N such
that for alli € N, i <k, we have x; =vy; and Tpi1 < Ygi1-

We discuss a t-norm based on above described dyadic expansion, which is generated by non-
continuous multiplicative generator.

Proposition 5 Let function g : [0,1] — [0,1] be given by

0 ifz =0,
g(:E) = = 2.x;

3t
=1

otherwise,

~.

where if x €]0, 1] then x = (z;)ien. Function g is a strictly increasing and left-continuous. Fach
finite dyadic rational is point of discontinuity of function g.

Remark 5 We can define f(x) = ¢""Y(z) = sup(z € [0,1};9(z) < z) as pseudo-inverse of
function g. Because of properties of this function, new function f is continuous and f=1) = g.
Note that function f is well-known in function theory as the Cantor function.

Example 2 Let 77 : [0,1]> — [0,1] be given by

T9(z,y) = f(9(2).9(y)),

where g is a function from Proposition 5 and f is pseudo-inverse of function g. Then T is
operator, which is not a t-norm. T is commutative, monotone, it fulfiles boundary condition,
however, the associativity is violated. For example

1 33 1 1 13,3
T9(=,T9(5,2) == < = =T%(T%=,2),2).
(TG ) =7 <3 =T5TG. 7.
On the other hand, the operation
min(zx, y) if max(z,y) =1,

Ts(x,y) = {g(f(iﬂ)f(y)) otherwise,

defines a t-norm. The azioms T(1),T(3),T(4) are evidently fulfilled. Concerning the associa-
tivity, it follows from the continuity of f.

Remark 6 Note that for given functions g and f we have f(g(x)) = x for x €]0,1]|. Therefore
Ts(x,Ts(z, 7)) = g(f(x)3) for x €]0,1[, which implies a:g;) =g(f(z)") forxz € ]0,1].

Remark 7 Now, we will turn our attention to important properties of this t-norm.
e The t-norm Ts is left-continuous on [0, 1[%.
e The t-norm Tg is continuous in point (1,1).

The t-norm Ts is not left-continuous on [0, 1].

The t-norm Tg is Archimedean.

The t-norm Tg is not strictly monotone.



The t-norm T is an example of t-norm which is left-continuous on [0, 1[* and continuous in
point (1, 1), but non-left-continuous on [0,1]2. More, this t-norm is Archimedean but neither
strictly monotone nor nilpotent in any point from ]0, 1[.

Indeed, let a E]%, %] for some n € N. Then agp";) = ﬁ > 0 for all m € N. Consequently,
no element b €]0, 1], b > a, can be a nilpotent element of T, showing the non-existence of any
nilpotent element of Tg.

Acknowledgement.
Supported by Project 1ET100300517 of the Program “Information Society” and by Project
MSMO0021630529 of the Ministry of Education.

References

[1] M. Budinc¢evi¢, M. Kurilic . A family of strict and discontinuous triangular norms. Fuzzy
Sets and Systems, 95: 381-384, 1998

[2] E.P.Klement, R.Mesiar. Triangular norms:a tutorial. Tatra Mountains Math. Publ., 13: 169-
193, 1997.

[3] R. Mesiar, V. Novdk. Open problems from the 2nd International Conference on Fuzzy Sets
Theory and Its Applications. Fuzzy Sets and Systems, 81: 185-190, 1996

[4] E.P.Klement, R.Mesiar, E.Pap. Additive generators of t-norms which are not necessarily
continuous. Proc. EUFIT 96, Aachen: 70-73, 1996

[5] C.M.Ling. Representation of associative functions. Publ. Math. Debrecen, 12: 189-212, 1965
[6] B.Schweizer, A.Sklar. Probabilistic Metric Spaces North Holland, New York, 1983
[7] D. Smutnd. On a peculiar t-norm. Busefal, 75: 60-67, 1998

[8] D. Smutna. A note on non-contiuous t-norms. Busefal, 76: 19-24, 1998



