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Abstract

In this paper we discuss the problem of the regularity of the gradient of weak solutions
to nonlinear elliptic systems

−Dαa
α
i (x,Du) = −Dαf

α
i (x) + fi(x), i = 1, . . . , N,

where the coefficients aα
i (x,Du) have some special form and they may be discontinuous in

general.

1 Introduction

In this paper, we consider the problem of the regularity of the first derivatives of weak solutions
to the nonlinear elliptic system

−Dαa
α
i (x,Du) = −Dαf

α
i (x) + fi(x), i = 1, . . . , N, (1.1)

where aαi , are Caratheodorian mappings from Ω × RnN into R, N > 1, Ω ⊂ Rn, n ≥ 3 is a
bounded open set and the functions on the right-hand side belong to some Morrey spaces. A
function u ∈W 1,2

loc (Ω,RN ) is called a weak solution of (1.1) in Ω if∫
Ω
aαi (x,Du)Dαϕ

i(x) dx =
∫

Ω
fαi (x)Dαϕ

i(x) dx+
∫

Ω
fi(x)ϕi(x) dx, ∀ϕ ∈ C∞0 (Ω,RN ).

We use the summation convention over repeated indices.
As it is known, in case of a general system (1.1), only partial regularity can be expected for

n ≥ 3 (see e.g. [4, 9, 11, 14]).To obtain full regularity of weak solutions one has to suppose some
additional assumptions about parameters of the system (see e.g. [4, 5, 6, 7, 8, 9, 11] and for
higher order systems [2, 3] too). Under the assumptions below we will prove L2,λ-regularity of
gradient of weak solutions to the system (1.1) whose coefficients aαi have the form

aαi (x,Du) = Aαβij (x)Dβu
j + gαi (Du), (1.2)

where i, j = 1, . . . , N , α, β = 1, . . . , n, Aαβij is a matrix of functions which satisfy the following
conditions

|Aαβij (x)| ≤M a.e. x ∈ Ω (1.3)

Aαβij (x)ξiαξ
j
β ≥ ν|ξ|2, a.e. x ∈ Ω, ∀ ξ ∈ RnN ; ν > 0 (1.4)
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and the functions gαi = gαi (z) have a linear growth in z. In what follows, we formulate the
conditions on the smoothness and the growth of the functions Aαβij and gαi precisely.

It is well known (see [4]) that, in the case of linear elliptic systems with continuous coefficients
Aαβij , the gradient of weak solutions has the L2,λ-regularity and, if the coefficients Aαβij belong
to some Hölder class, then the gradient of weak solutions belongs to the BMO-class (functions
with bounded mean oscillations, see Definition 2.1). These results were generalized in [5] where
the author has proved the L2,λ-regularity of the gradient of weak solutions to (1.1)-(1.3) in the
situation where the coefficients Aαβij are continuous and the BMO-regularity of gradient in the

case where coefficients Aαβij are Hölder continuous. On gαi = gαi (x, u, z) the sublinear growth is
supposed.

In the case of linear elliptic systems when the coefficients Aαβij are ”small multipliers of
BMO(Ω)”, a class neither containing nor contained in C(Ω), Acquistapace in [1] proved global
(under Dirichlet boundary condition) and local BMO-regularity for the gradient of solutions.
In [1] the local BMO-regularity does not follow in a standard way from the global one, because
there are no regularity results in the Morrey spaces L2,λ, 0 < λ < n. The last mentioned fact
was a motive for [7]. In [7] the Morrey regularity for the gradient of weak solutions to nonlinear
elliptic systems of type (1.1) is proved when the coefficients Aαβij are generally discontinuous
(not necessarily ”small multipliers of BMO(Ω)”) and gαi = gαi (x, u, z) have a sublinear growth
in z.

The main result of this paper is analogous to that from [7] but it is obtained under weaker
assumption on a growth of gαi = gαi (z). More precisely we suppose linear (not only sublinear)
growth of gαi in z. This assumption is more natural (see [4],[9],[11]).

2 Notation and definitions

We consider a bounded open set Ω ⊂ Rn, n ≥ 3, u : Ω → RN , N ≥ 1, u(x) = (u1(x), . . . , uN (x))
is a vector-valued function, Du = (D1u, . . . ,Dnu), Dα = ∂/∂xα. The symbol Ω0 ⊂⊂ Ω stands
for Ω0 ⊂ Ω. For the sake of simplicity we denote by | · | the norm in Rn as well as in RN and
RnN . If x ∈ Rn and r is a positive real number, we set Br(x), an open ball in Rn, centered at x
with radius r, Ω(x, r) = Ω ∩Br(x). Denote by ux,r = |Ω(x, r)|−1

n

∫
Ω(x,r) u(y) dy =

∫
Ω(x,r)− u(y) dy

the mean value of the function u ∈ L1(Ω,RN ) over the set Ω(x, r), Here |Ω(x, r)|n is the n-
dimensional Lebesgue measure of Ω(x, r). The bounded domain Ω ⊂ Rn is said to be of type A if
there exists a constant A > 0 such that, for every x ∈ Ω and all 0 < r < diam Ω, |Ω(x, r)|n ≥ Arn
holds. Beside the usually used space C∞0 (Ω,RN ), the Hölder spaces C0,α(Ω,RN ), C0,α(Ω,RN )
and the Sobolev spaces W k,p(Ω,RN ), W k,p

loc (Ω,RN ), W k,p
0 (Ω,RN ) (see, e.g.[10]), we use the

following Morrey and Campanato spaces.

Definition 2.1 Let λ ∈ [0, n], q ∈ [1,∞). A function u ∈ Lq(Ω,RN ) is said to belong to
Morrey space Lq,λ(Ω,RN ) if

||u||q
Lq,λ(Ω,RN )

= sup
x∈Ω,r>0

1
rλ

∫
Ω(x,r)

|u(y)|q dy <∞.

Let λ ∈ [0, n+q], q ∈ [1,∞). The Campanato space Lq,λ(Ω,RN ) is the subspace of such functions
u ∈ Lq(Ω,RN ) for which

[u]qLq,λ(Ω,RN )
= sup

r>0,x∈Ω

1
rλ

∫
Ω(x,r)

|u(y)− ux,r|q dy <∞.

Let Q0 ⊂ Rn is a cube whose edges are parallel with the coordinate axes. The BMO(Q0,RN )
space (bounded mean oscillation space) is the subspace of such functions u ∈ L1(Q0,RN ) for



which
〈u〉Q0 = sup

Q⊂Q0

1
|Q|

∫
Q
|u(y)− uQ| dy <∞,

where uQ =
∫
Q− u(y) dy and Q ⊂ Q0 is the cube homotetic with Q0.

Proposition 2.1 For a bounded domain Ω ⊂ Rn with a Lipschitz boundary we have the follow-
ing

(a) With the norms ‖u‖Lq,λ and ‖u‖Lq,λ = ‖u‖Lq+[u]Lq,λ, ‖u‖BMO = ‖u‖L1+〈u〉Q, Lq,λ(Ω, RN ),
Lq,λ(Ω, RN ) and BMO(Q0,RN ) are Banach spaces.

(b) Lq,λ(Ω,RN ) is isomorphic to the Lq,λ(Ω,RN ), 1 ≤ q <∞, 0 ≤ λ < n.

(c) Lq,n(Ω,RN ) is isomorphic to the L∞(Ω,RN ) ( Lq,n(Ω,RN ), 1 ≤ q <∞.

(d) L2,n(Ω,RN ) is isomorphic to the Lq,n(Ω,RN ) and
Lq,n(Q,RN ) = BMO(Q,RN ), Q being a cube, 1 ≤ q <∞.

(e) if u ∈W 1,2
loc (Ω,RN ) and Du ∈ L2,λ

loc (Ω,R
nN ), n−2 < λ < n, then u ∈ C0,(λ+2−n)/2(Ω,RN ).

(f) Lq,λ(Ω, RN ) is isomorphic to the C0,(λ−n)/q(Ω, RN ) for n < λ ≤ n+ q.

For more details see [4, 9, 10, 11].
The generalization of Campanato spaces Lq,λ (see [4]) are the classes L2,Ψ introduced by

Spanne [12] and [13].

Definition 2.2 Let Ψ be a positive function on (0,diam Ω]. A function u ∈ L2(Ω,RN ) is said
to belong to L2,Ψ (Ω,RN ) if

[u]2,Ψ,Ω = sup
x∈Ω,r∈(0,diamΩ]

1
Ψ(r)

( ∫
Ω(x,r)

|u(y)− ux,r|2 dy
)1/2

<∞

and by l2,Ψ (Ω,RN ) we denote the subspace of all u ∈ L2,Ψ (Ω,RN ) such that

[u]2,Ψ,Ω,r0 = sup
x∈Ω,r∈(0,r0]

1
Ψ(r)

( ∫
Ω(x,r)

|u(y)− ux,r|2 dy
)1/2

= o(1) as r0 ↘ 0.

Some basic properties of the above-mentioned spaces are formulated in the following propo-
sition (for the proofs see [1, 12, 13]).

Proposition 2.2 For a bounded domain Ω ⊂ Rn with a Lipschitz boundary we have the follow-
ing

(a) L2,Ψ (Ω,RN ) is a Banach space with norm ‖u‖L2,Ψ (Ω,RN ) = ‖u‖L2(Ω,RN ) + [u]L2,Ψ (Ω,RN ).

(b) Let Ψ(r) = rn/2/(1 + | ln r|). Then C0(Ω,RN ) \ L2,Ψ (Ω,RN ) and
(L∞(Ω,RN ) ∩ l2,Ψ (Ω,RN )) \ C0(Ω,RN ) are not empty.

In the sequel we assume that Ψ : (0, d] → (0,∞) has the form

Ψ(r) = rζ/2ψ(r), 0 ≤ ζ ≤ n+ 2, (2.1)

where ψ is a continuous, non-decreasing function such that limr→0+ ψ(r) = 0 and r → ψ(r)/rξ

for some ξ > 0 is almost decreasing, i.e. there exists kψ ≥ 1 and d0 ≤ d such that

kψ
ψ(r)
rξ

≥ ψ(R)
Rξ

, ∀ 0 < r < R ≤ d0. (2.2)



Remark. The function ψ(r) = 1/(1 + | ln r|) satisfies (2.2) with an arbitrary ξ > 0.

3 Main result

Suppose that for all z ∈ RnN the following condition hold:

|gαi (z)| ≤ K|z| (3.1)

Here K < ν is a positive constant and about the right-hand side of the system (1.1) we suppose
that fαi ∈ Lσ,λ(Ω), σ > 2, 0 < λ < n and fi ∈ Lσq0,λq0(Ω), q0 = n/(n + 2). We set A = (Aαβij ),

g = (gαi ),f = (fαi ), f = (fi).
The next theorem generalizes the main result from [7].

Theorem 3.1 Let u ∈ W 1,2
loc (Ω,RN ) be a weak solution to the system (1.1) and the conditions

(1.2), (1.3), (1.4) and (3.1) be satisfied. Suppose further that Aαβij ∈ L2,Ψ (Ω), i, j = 1, . . . , N ,
α, β = 1, . . . , n, Ψ is a function satisfying the condition (2.1) with ζ = n and(

K

ν

)2

≤ 1
2c(1 + 2n+1L)(3.2n+2L)(n−δ)/δ

with 0 < δ < (n − λ)/q, q > 1, L is from the following Lemma 4.1 and c depends only on
parameters of the system. Then Du ∈ L2,µ

loc (Ω,RnN ) for µ ≤ n− n−λ
q .

An immediate consequence of Theorem is the following

Corollary 3.2 Let the assumptions of Theorem be satisfied with 0 < n−λ
q < 2, then u ∈

C0,ϑ(Ω,RN ) with ϑ < 1− n−λ
2q .

4 Preliminary results

In this section we present the results needed for the proof of the main theorem. In BR(x) ⊂ Rn

we consider a linear elliptic system

−Dα(Aαβij Dβu
j) = 0 (4.1)

with constant coefficients for which (1.3) and (1.4) hold.

Lemma 4.1 ([4, pp. 54-55]) Let u ∈W 1,2(BR(x),RN ) be a weak solution to the system (4.1).
Then, for each 0 < σ ≤ R,∫

Bσ

|Du(y)|2 dy ≤ L
( σ
R

)n ∫
BR

|Du(y)|2 dy

hold with a constant L independent of the homotethie.

In the following considerations we will use a result about higher integrability of the gradient
of a weak solution of the system (1.1).

Proposition 4.2 ([9, p. 138]) Suppose that (1.2), (1.3), (1.4), (3.1) are fulfilled and let u ∈
W 1,2

loc (Ω,RN ) be a weak solutions of (1.1). Then there exists an exponent s ≥ r > 2 such that
u ∈ W 1,r

loc (Ω,RN ). Moreover there exists a constant c = c(ν, L,M) and R̃ > 0 such that, for all
balls BR(x) ⊂ Ω, R < R̃, the following inequality is satisfied( ∫

BR/2(x)
−|Du|r dy

)1/r
≤c

[( ∫
BR(x)
−|Du|2 dy

)1/2
+

( ∫
BR(x)
−|f |r dy

)1/r
+R

( ∫
BR(x)
−|f |rq0 dy

)1/rq0]



As a small modification of Lemma from [9, p. 86] we can obtain

Lemma 4.3 Let φ be a nonegative and nondecreasing function on (0, R0] and there is a constant
τ , 0 < τ < 1 such that for every R < R0

φ(τR) ≤ ταφ(R) +BRβ (4.2)

where B ≥ 0, 0 < β < α. Then for every % < R ≤ R0 we have

φ(%) ≤ C

{( %
R

)β
φ(R) +B%β

}
(4.3)

where C is a constant depending on τ , α and β.

5 Proof of Theorem

Proof of Theorem 3.1. We set φ(r) = φ(x, r) =
∫
Br(x) |Du(y)|

2 dy. Let BR/2(x0) ⊂
BR(x0) ⊂ Ω be an arbitrary ball and let w ∈ W 1,2

0 (BR/2(x0),RN ) be a solution to the fol-
lowing system ∫

BR/2(x0)

(Aαβij )x0,R/2Dβw
jDαϕ

i dx

=
∫

BR/2(x0)

(
(Aαβij )x0,R/2 −Aαβij (x)

)
Dβu

jDαϕ
i dx−

∫
BR/2(x0)

gαi (Du)Dαϕ
i dx

+
∫
BR/2(x0)

fαi (x)Dαϕ
i dx+

∫
BR/2(x0)

fi(x)ϕi dx

(5.1)

for all ϕ ∈ W 1,2
0 (BR/2(x0),RN ). It is known that, under the assumption of this theorem, such

solution exists and it is unique for all R < R′ (R′ is sufficiently small). We can put ϕ = w in
(5.1) and, using ellipticity, Hölder and Sobolev inequalities, we get

ν2

∫
BR/2(x0)

|Dw|2 dx ≤ c(n)
[ ∫
BR/2(x0)

|Ax0,R/2 −A(x)|2|Du|2 dx

+
∫

BR/2(x0)

|g(Du)|2 dx+
∫

BR/2(x0)

|f |2 dx+
( ∫
BR/2(x0)

|f |2q0 dx
) 1

q0

]
= c(n)[I + II + III + IV ].

From Proposition 4.2 with r = 2q > 2, Hölder inequality (r′ = q/(q−1)) and from the fact that,
for a BMO-function, all Ls-norms, 1 ≤ s <∞ are equivalent (see Proposition 2.1(d)) we obtain

I ≤
( ∫
BR/2(x0)

|A(x)−Ax0,R/2|
2r′ dx

)1/r′( ∫
BR/2(x0)

|Du|2q dx
)1/q

(5.2)

From the assumptions of this theorem and taking into account the properties



of matrix A = (Aαβij ) we can estimate the first term on the right hand side of (5.2)∫
BR/2(x0)

|A(x)−Ax0,R/2|
2r′ dx

≤
( ∫
BR/2(x0)

|A(x)−Ax0,R/2|
2 dx

)1/2
×

×
( ∫
BR/2(x0)

|A(x)−Ax0,R/2|
2(2r′−1) dx

)1/2

≤ c (n, [A]2,Ψ,Ω,M) Rn ψ(R). (5.3)

To estimate the last integral in (5.2) we use Proposition 4.2:( ∫
BR/2(x0)

|Du|2q dx
)1/q

≤ c
( 1
Rn(1−1/q)

∫
BR(x0)

|Du|2 dx+R
λ
q +R

λ
q
− 2

q
+2

)
(5.4)

From (5.2), (5.3) and (5.4) we obtain

I ≤ c ψ1/r′(R)
( ∫

BR(x0)
|Du|2 dx+R

n−n−λ
q

)
where c = c(n, q, [A]2,Ψ,Ω,M, ‖f‖L2q,λ(Ω,RnN ), ‖f‖L2qq0,λq0 (Ω,RN )). Using (3.1) and the assump-
tions on the right-hand side of the system (1.1) we can see that

II ≤ K2

∫
BR/2(x0)

|Du|2 dx

and

III + IV ≤ c(‖f‖L2q,λ(Ω,RnN ), ‖f‖L2qq0,λq0 (Ω,RN ))R
n−n−λ

q

And so we have ∫
BR/2(x0)

|Dw|2 dx ≤ c
[( 1
ν2
ψ1/r′(R) +

K2

ν2

) ∫
BR(x0)

|Du|2 dx (5.5)

+
1
ν2

(
ψ1/r′(R) + 1

)
R
n−n−λ

q

]
.

The function v = u− w ∈W 1,2(BR/2(x0),RN ) is the solution to the system∫
BR/2(x0)

(Aαβij )x0,R/2Dβv
jDαϕ

i dx = 0, ∀ϕ ∈W 1,2
0 (BR/2(x0),RN ).

From Lemma 4.1 we have, for 0 < σ ≤ R/2,∫
Bσ(x0)

|Dv|2 dx ≤ 2nL
( σ
R

)n ∫
BR/2(x0)

|Dv|2 dx. (5.6)



By means of (5.5) and (5.6) we obtain, for all 0 < σ ≤ R/2 the following estimate

φ(σ) ≤
[
2n+2L

( σ
R

)n
+ 2(1 + 2n+1L)

c

ν2
ψ1/r′(R) + 2c(1 + 2n+1L)

K2

ν2

]
φ(R)

+2(1 + 2n+1L)
c

ν2

(
ψ1/r′(R) + 1

)
R
n−n−λ

q (5.7)

If we put τ = 1/(3 · 2n+2L)1/δ, 0 < δ < (n− λ)/q and σ = τR into (5.7) we get

φ(τR) ≤
[
1
3
τn−δ + 2(1 + 2n+1L)

c

ν2
ψ1/r′(R) + 2c(1 + 2n+1L)

K2

ν2

]
φ(R)

+2(1 + 2n+1L)
c

ν2

(
ψ1/r′(R) + 1

)
R
n−n−λ

q

From the last estimate (using the assumptions of theorem 3.1) we see that there is R0 > 0
such that for every R < R0

φ(τR) ≤ τn−δφ(R) +BR
n−n−λ

q

holds. Now we can use Lemma 4.3. �
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[5] J. Daněček: Regularity for nonlinear elliptic systems, Comment. Math. Univ. Carolinae,
Vol. 27, No. 4, 1986, pp. 755-764.
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