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Abstract

In this paper we discuss the problem of the regularity of the gradient of weak solutions
to nonlinear elliptic systems

—Dya(x,Du) = =D, f{(x) + fi(z), i=1,...,N,

where the coefficients a$*(z, Du) have some special form and they may be discontinuous in
general.

1 Introduction

In this paper, we consider the problem of the regularity of the first derivatives of weak solutions
to the nonlinear elliptic system

—Dyai(x,Du) = =Dy f{(x) + fi(x), i=1,...,N, (1.1)

¢, are Caratheodorian mappings from 2 x R™ into R, N >1, QCR*», n>3isa
bounded open set and the functions on the right-hand side belong to some Morrey spaces. A
function u € W,L?(Q, RY) is called a weak solution of (1.1) in €2 if

loc

where af

/af‘(z,Du)Dagoi(x) da::/ff‘(:p)]_?agoi(a:) d:l:—{—/fl(x)goz(a:) dzx, V@GCSO(Q,RN).
Q Q Q

We use the summation convention over repeated indices.

As it is known, in case of a general system (1.1), only partial regularity can be expected for
n > 3 (see e.g. [4, 9, 11, 14]).To obtain full regularity of weak solutions one has to suppose some
additional assumptions about parameters of the system (see e.g. [4, 5, 6, 7, 8, 9, 11] and for
higher order systems [2, 3] too). Under the assumptions below we will prove L?*-regularity of
gradient of weak solutions to the system (1.1) whose coefficients a have the form

af'(z, Du) = AS(z)Dgu? + g?(Du), (1.2)
where ¢, j=1,...,N,a, 6 =1,...,n, A%ﬁ is a matrix of functions which satisfy the following
conditions

B
A7 ()| < M ae z€Q (1.3)
AP ()il > Vg, ae.x€Q, YEER™ v >0 (1.4)
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and the functions ¢ = ¢%(z) have a linear growth in z. In what follows, we formulate the
conditions on the smoothness and the growth of the functions A%ﬁ and g§* precisely.

It is well known (see [4]) that, in the case of linear elliptic systems with continuous coefficients
A%’g , the gradient of weak solutions has the L?>?*-regularity and, if the coefficients A%ﬁ belong
to some Holder class, then the gradient of weak solutions belongs to the BMO-class (functions
with bounded mean oscillations, see Definition 2.1). These results were generalized in [5] where
the author has proved the L?*-regularity of the gradient of weak solutions to (1.1)-(1.3) in the
situation where the coefficients A%ﬁ are continuous and the BMO-regularity of gradient in the

case where coefficients A?jﬁ are Holder continuous. On ¢ = ¢{*(x,u, z) the sublinear growth is
supposed.
In the case of linear elliptic systems when the coefficients A%ﬁ are "small multipliers of

BMO(R)”, a class neither containing nor contained in C'(2), Acquistapace in [1] proved global
(under Dirichlet boundary condition) and local BMO-regularity for the gradient of solutions.
In [1] the local BMO-regularity does not follow in a standard way from the global one, because
there are no regularity results in the Morrey spaces L?*, 0 < A < n. The last mentioned fact
was a motive for [7]. In [7] the Morrey regularity for the gradient of weak solutions to nonlinear
elliptic systems of type (1.1) is proved when the coefficients A%’g are generally discontinuous
(not necessarily ”small multipliers of BMO(Q)”) and ¢{* = ¢*(z,u, 2) have a sublinear growth
in z.

The main result of this paper is analogous to that from [7] but it is obtained under weaker
assumption on a growth of ¢ = ¢{*(z). More precisely we suppose linear (not only sublinear)
growth of g in z. This assumption is more natural (see [4],[9],[11]).

2 Notation and definitions

We consider a bounded open set Q C R", n >3, u:Q — RN N> 1, u(z) = (u'(2),...,u"V(z))
is a vector-valued function, Du = (Diu, ..., Dyu), Dy = 0/0x,. The symbol Qo CC Q stands
for Qg C Q. For the sake of simplicity we denote by |- | the norm in R™ as well as in RY and
R™Y. If x € R and 7 is a positive real number, we set B,(z), an open ball in R", centered at z
with radius r, Q(z,7) = QN B,(x). Denote by u,, = |Q(z,r)|;! Jogery uly) dy = fQ(%r)u(y) dy
the mean value of the function u € L'(©,RY) over the set Q(z,r), Here |Q(z,7)|, is the n-
dimensional Lebesgue measure of Q(z, 7). The bounded domain Q C R™ is said to be of type A if
there exists a constant A > 0 such that, for every z € Q and all 0 < r < diam Q, |Q(z, )|, > Ar"
holds. Beside the usually used space C5°(Q2, RY), the Holder spaces C%*(Q,RY), CO(Q,RY)
and the Sobolev spaces W P(Q,RN), WP(Q,RN), WiP(Q,RY) (see, e.g.[10]), we use the
following Morrey and Campanato spaces.

Definition 2.1 Let A € [0,n], ¢ € [1,00). A function u € L9(2,RY) is said to belong to
Morrey space L3 (Q, RY) if

1
all gz, = s o [ ut)ldy < o
Q(z,r)

zeQr>0T
Let A € [0,n4q], ¢ € [1,00). The Campanato space £L9*(€, RY) is the subspace of such functions
u € LI(Q,RY) for which
1

ul? = sup —~ u(y) — ugz |4 dy < oco.

[ ]qu)\(Q’RN) r>0,2€Q e Q(z,r) ‘ ( ) $7T|
Let Qo C R™ is a cube whose edges are parallel with the coordinate axes. The BMO(Qq, RY)
space (bounded mean oscillation space) is the subspace of such functions u € L'(Qg, RY) for



which

1
(o = sup — / fu(y) — ugl dy < oo,
QcQo 1Rl Jo

where ug = fQu(y) dy and Q C Qg is the cube homotetic with Q.

Proposition 2.1 For a bounded domain  C R™ with a Lipschitz boundary we have the follow-
mg

(a) With the norms |[u]l Lo and || ox = [Julla+[u] Lor, [[ul Bro = [Jull Li+(uw)q, LYA(Q, RY),
L3, RN) and BMO(Qo,RY) are Banach spaces.

(b) LIANQ,RN) is isomorphic to the LIQ,RY), 1 < g < oo, 0 <\ < n.

(c) LE™(Q,RN) is isomorphic to the L>®(Q,RY) C L3™(Q,RN), 1 < g < oo.

L£37(Q,RN) = BMO(Q,RY), Q being a cube, 1 < q < o0o.

(e) if u € W22(Q,RY) and Du € L?A?(Q,R"N), n—2<\<n, thenu € COM2-1/2(Q RN).

loc

( )
( )
(d) £2"(Q,RYN) is isomorphic to the LT(Q,RY) and
( )
(
)

(f) L£9A(Q, RN) is isomorphic to the COA=/9(Q, RN) forn < A < n +q.

For more details see [4, 9, 10, 11].
The generalization of Campanato spaces £9* (see [4]) are the classes £2¥ introduced by
Spanne [12] and [13].

Definition 2.2 Let ¥ be a positive function on (0,diam ©]. A function u € L?(£2,RY) is said
to belong to £2¥ (Q,RY) if
1 5 \1/2
[ul2w0 = sup ( u(y) — ta,r| dy) < o0
zeQ,re(0,diam Q] W(T) Q(z,r)

and by 17 (Q, RY) we denote the subspace of all u € £2¥(Q, RY) such that

1/2
2 dy) =o0(1) as 79 \, 0.

u] ([ )
U2 w.Qrg = sup u\y) — Ug,r
0 z€Q,re(0,ro] W(T) Q(z,r)

Some basic properties of the above-mentioned spaces are formulated in the following propo-
sition (for the proofs see [1, 12, 13]).

Proposition 2.2 For a bounded domain Q C R™ with a Lipschitz boundary we have the follow-
mng

(a) L2V (Q,RN) is a Banach space with norm ||ul c2.o gy = |lull p2@ry) + [U] 20 @ rN)-

(b) Let W(r) =7r"2/(1+|In r|). Then CO(Q,RN)\ £L>¥(Q,RN) and
(L=°(Q,RN) N 127 (Q,RN))\ CO(Q,RY) are not empty.

In the sequel we assume that ¥ : (0,d] — (0, 00) has the form
w(r) =rp(r), 0<(<n+2 (2.1)

where 1 is a continuous, non-decreasing function such that lim, o4 ¥(r) = 0 and r — (r)/r¢
for some ¢ > 0 is almost decreasing, i.e. there exists ky, > 1 and dy < d such that

L) H(R)

@Z)T_?, VO<T<RSd0. (22)



Remark. The function ¥(r) =1/(1+ |Inr|) satisfies (2.2) with an arbitrary £ > 0.

3 Main result

Suppose that for all z € R™V the following condition hold:
97" (2)| < K[| (3.1)

Here K < v is a positive constant and about the right-hand side of the system (1.1) we suppose
that f& € LoQ), 0 > 2,0 < A < n and f; € L7®A0(Q), go = n/(n +2). We set A = (A?jﬁ),

9= (99).F = (f2), F = (fi).

The next theorem generalizes the main result from [7].
Theorem 3.1 Let u € VVi)’CQ(Q,RN) be a weak solution to the system (1.1) and the conditions
(1.2), (1.8), (1.4) and (3.1) be satisfied. Suppose further that A%ﬁ eL*@Q),i,j=1,...,N,
a, B=1,...,n, ¥ is a function satisfying the condition (2.1) with { =n and

L !
v) T 2¢(142ntLlL)(3.2n42L)(n=0)/8
with 0 < 6 < (n—AX)/q, ¢ > 1, L is from the following Lemma 4.1 and c depends only on

parameters of the system. Then Du € L120”C‘(Q, R™) for u < n — "f;)‘.

An immediate consequence of Theorem is the following

Corollary 3.2 Let the assumptions of Theorem be satisfied with 0 < %)‘ < 2, then u €
COP(Q,RN) with 9 < 1 — 122

4 Preliminary results

In this section we present the results needed for the proof of the main theorem. In Br(x) C R”
we consider a linear elliptic system

—Do (A} Dgu?) = 0 (4.1)
with constant coefficients for which (1.3) and (1.4) hold.

Lemma 4.1 ([4, pp. 54-55]) Letu € WY2(Br(z),RY) be a weak solution to the system (4.1).
Then, for each 0 < 0 < R,

[, utRay <2 (5)" [ 1wtk ay

hold with a constant L independent of the homotethie.

In the following considerations we will use a result about higher integrability of the gradient
of a weak solution of the system (1.1).

Proposition 4.2 ([9, p. 138]) Suppose that (1.2), (1.3), (1.4), (3.1) are fulfilled and let u €
WE2(Q,RY) be a weak solutions of (1.1). Then there exists an exponent s > 1 > 2 such that

loc

u e WE'(Q,RN). Moreover there exists a constant ¢ = c(v, L, M) and R > 0 such that, for all

loc

balls Br(z) C Q, R < fi, the following inequality is satisfied

(o)™ <el (o™ (7)™« ()™



As a small modification of Lemma from [9, p. 86] we can obtain

Lemma 4.3 Let ¢ be a nonegative and nondecreasing function on (0, Ry] and there is a constant
7, 0 < 7 <1 such that for every R < Rg

¢(TR) < 7%¢(R) + BR"® (4.2)

where B >0, 0< B < a. Then for every o < R < Ry we have

st =c{(8) o+ 5| (4.3

where C' is a constant depending on 7, a and (3.

5 Proof of Theorem

Proof of Theorem 3.1. We set ¢(r) = ¢(x,r) = fBr(a:) |Du(y)|*dy. Let Bpj(zo) C

Bpr(zo) C Q be an arbitrary ball and let w € W&’z(BRm(a:o),RN) be a solution to the fol-
lowing system

/ (A%B)xo,R/QDﬁija(pi dx

Bpy2(zo)
= / ((A%ﬁ)x073/2 - A?‘jﬁ(x))DgujDagoi dz —/ g¥(Du) Dy’ dx (5.1)
Bpr/2(0)
Brya(wo)

+/ fio‘(az)Dagoi d:v+/ fz(av)c,oZ dz
Brya(zo) Brya(zo)

for all ¢ € VVO1 (B r/2(w0),RY). It is known that, under the assumption of this theorem, such
solution exists and it is unique for all R < R’ (R’ is sufficiently small). We can put ¢ = w in
(5.1) and, using ellipticity, Holder and Sobolev inequalities, we get

2 / |Dw|2 dr < c(n)[ / |A10,R/2 - A(m)’2|Du‘2 dx

Bprya(o) Bprya (o)

+ / l9(Du) > da: + / F2dw+ ( / \fF%dx)ﬂ

Bry2(z0) Bprya (o) Bry2(z0)
=cn)I+II+I1I1+1V].

From Proposition 4.2 with r = 2¢ > 2, Holder inequality (' = ¢/(q¢—1)) and from the fact that,
for a BMO-function, all L®-norms, 1 < s < co are equivalent (see Proposition 2.1(d)) we obtain

’ 1/T, 1/q
r<( [ @ - AgrpPds) ([ |DuPdo) (5:2)
Brya(wo) Bpry2(z0)

From the assumptions of this theorem and taking into account the properties



of matrix A = (Al.ajﬁ ) we can estimate the first term on the right hand side of (5.2)

A) — Agy ol da

Br/a(o)
1/2

<( [ M@= agnplar) " x

Bpy2(zo)

/ 1/2

X ( / |A(z) — Axo,R/2|2(2T b diU)

Bpy2(z0)
< ¢(n, [A]27\1/7Q,M) R"Y(R). (5.3)

To estimate the last integral in (5.2) we use Proposition 4.2:

1/q 1 A A_2
2q - 2 +2
( / [Duf*t ) SC<Rn(1_1/q> /E,R(xO)‘D“' do+ Ry o+ Ri~ ") (5.4)
Bpry2(zo)

From (5.2), (5.3) and (5.4) we obtain

1< CWT’(R)(/

|Duf? da + R"—"T‘*)
Br(zo)

where ¢ = ¢(n, q, [Alaw.0, M, || fl| 1205 @rnN), ||?|]L2qu,AqO(QRN)). Using (3.1) and the assump-
tions on the right-hand side of the system (1.1) we can see that
II < K? / |Dul|? dz

Bpr/2(0)

and

n—>\

IIT+ 1V < (|| Fll 2ar@rnnys | Fll p2000 3000 o miy ) R™
And so we have

/ \Dw[dech:le/’”/(R)—i—I;;) / |Dul? dz (5.5)

Bpy2(z0) Br(zo)
1 1/ n—n=2XA
+ﬁ(w/ (B)+1) R ].
The function v =u —w € WLQ(BR/Q(Q;O),RN) is the solution to the system
af Vi Q7. 1,2 N
/ (A,L-j )ao,r/2Dpv? Dagp' dz = 0, Vi € Wy (Bprya(zo0), R™).
Brya(zo)

From Lemma 4.1 we have, for 0 < 0 < R/2,

2 ny (O\" 2
< — . .
/ |Dv[2dz < 2L (R) / |Dv|? d (5.6)

Bo (z0) Bry2(20)



By means of (5.5) and (5.6) we obtain, for all 0 < ¢ < R/2 the following estimate

2

n , K
< n+2 g n+lyy € 1/r n+1
olo) < [2 L(%)" +201+ 270 Syt (R) 4+ 2¢(1 4+ 271 L) =

ot

+2(1 42" D)5 <1/11/’”'(R) + 1) R (5.7)

C
v

If we put 7 =1/(3-2"2L)/% 0 < § < (n— \)/q and 0 = 7R into (5.7) we get

2

1 , K
p(TR) < [37"—5 +2(1+ 2"+1L)V%¢1/’" (R) 4 2¢(1 + 2"+1L)?

J ot

+2(1+ 27 L) S (17 (B) +1) R

C
v

From the last estimate (using the assumptions of theorem 3.1) we see that there is Ry > 0

such that for every R < Ry

$(rR) < 7" 9G(R) + BR™ "

holds. Now we can use Lemma 4.3. [l
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