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Abstract
For the given values fo, f1,..., fn of a smooth function f(x) in the nodes a = zg <
21 < -+ < x, = b and for the second-order approximations Df(z;) of the derivatives

f'(z;), we approximate the function f on (a,b) by a function Hy[f] € C*{(a,b) which is
a cubic polynomial determined by the data f;_1, Df(x;—1), fi, Df(x;) on every subinterval
(w;_1,7;). We find the orders of the error f — Hy[f] in the Ly and H' norms, illustrate
their optimality numerically and compare them with the corresponding norms of error of the
interpolation of f by the linear and cubic splines.

1 Introduction

The aim of this paper is to analyze the properties of a local high—order approximation of a
smooth function f(x) in a given interval (a,b) under the assumption that the values fo, fi1,... fn
of f(z) in the given nodes a = z¢p < 21 < -+ < x,, = b with the discretization step h are known
only. We derive well-known second-order approximations D f(z;) of the derivatives f’(x;) and
approximate the given function f(z) by the Hermite cubic spline H[f](x) consisting of cubic
polynomials determined by the values f;_1, f; and the derivatives D f(z;—1), Df(z;) on every
subinterval (z;_1, ;). For so—called regular meshes we find positive constants C7, Cs such that

If = Haulflllo < C1B®|fls,oe and |f — Hu[f]l1 < C2h?|fl3.00

and compare these orders of error with the orders of error of intepolation by linear and cubic
splines. Numerical experiments illustrate that the above orders of error are optimal.

This investigation is a technically simple analogue of the corresponding approximations of
smooth functions in two variables in the vertices of triangulations with applications in post
processing and in the control of local refinements of planar triangulations within the process of
the finite element approximation of solutions of differential boundary—value problems. See [3],
[1], [2] or [9].

The symbols || f|lo, | f]1 and |f|3,00 mean the Ly(a,b)-norm, H'(a, b)-seminorm of f and the
Chebyshev norm of f” in C{(a,b), consecutively.

2 A second—order approximation of the derivative

In this section, we present classical second-order approximations of the derivatives f’(x;) of
smooth functions in the nodes and estimates of their errors in an informal way.

Let us consider the nodes 1 < x2 < x3. For every function f € C(x1,x3),

L(z) = f(z1)L1(z) + f(z2)La(z) + f(z3)L3() (1)



with

(z — z2)(z — 23)

Lalz) = (21 — z2)(21 — 73)
_ (z—x) (2 —x3)

La(z) = (z2 — 21)(22 — 73)
(=2 (7 — 1)

Ls(z) = (23 — 21)(23 — 72)

is the Lagrange interpolation polynomial of f in the nodes x1,xo,x3. In what follows, let us
assume that f € C3(zy,x3). Then it is well-known that for every = € (x1,z3) there exists
& € (x1,x3) such that

")

fl@) = L)+,

(x —z1)(x — z2)(x — x3). (2)

The standard proof of (2) is based on the Rolle Theorem. We derive an analogical relation
between the values f’(x2) and L'(z3) by the standard arguments from the proof of (2).

As f(x) — L(z) = 0 for x = x1, x2, x3, there exist & € (z1,x2) and & € (2, x3) such that
f'(x) = L'(x) =0 for = =¢&,&
by the Rolle Theorem. Because the function

f'(xz2) — L'(2)
(z2 — &1) (72 — &2)

satisfies ¢ € C*(w1,23) and ¢(&1) = (z2) = (&) = 0, there exist m € (§1,22), 72 € (22,&2)
satisfying

p(t) = f'(t) - L'(t) -

(t—=&)(t — &)

¢'(m) =0=¢(12)
and n € (1, n2) such that ¢”(n) = 0 by the Rolle Theorem again. As L' = 0, we have

o f'@2) = L)
(2 — &) (22 — &)

0=¢"(n) = f"(n)
which is equivalent to

f"(n)
2

fl(z2) = L'(w2) + (w2 — &) (22 — &2). (3)

Let us now assume that, for given nodes a = zg < 1 < --- < x, = b with the discretization
step h = maxj<i<n(z; — x;—1), we know the values f; = f(x;) for i = 0,1,...,n of the function
f only. If we approximate the unknown values f(z) for z € (z;_1,;) linearly, we obtain the
linear—spline approximation L£p[f] of f, illustrated in Fig. 1.
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We can see that, in general, the function £;[f] has no derivatives in the nodes z;. If we want
to use Ly[f] for an approximation of f’(z;) in an inner node z;, of f'(x2) for example, we can
use the value of the approximation of f/(x) by Ly[f]' (x) for x € (x1,z2) (on the left from z5) or
by Lp[f]'(z) for x € (x2,23) (on the right from z5). We obtain the values (fo — f1)/(z2 — 21)
or (fs — f2)/(x3 — x2) respectively. The accuracy of these approximations can be discovered by
the following consideration using the Taylor Theorem.

As we have

i = f2+f,($2)($1_$2)+1f//(C1)(1’1—$2)27

2
fs = fot Flwn)(ws — a2) + 5 f(G) s — o)
we obtain the approximations of f/(z3) in the forms
Pl = 20 e - ) ()
) = B8 L)y — ) (5)

r3 — T2 2
Due to z9 —x1 < h and x3 — x5 < h, the sizes of errors of these approximations are proportional

to the discretization step h. A fruitful idea is to approximate f’(z3) in form of a suitable linear
combination of the approximations

fo—fi and f3—fo

Tr9 — I1 T3 — I9

from (4), (5) such that the error of the new approximation is of second—order (it is proportional
to h?). We can see from (3) that L'(z2) is a second-order approximation of f’(x3) because
|xe — &1 < h and |29 — &o] < h. A straightforward evaluation gives us

— - T3 — T Tog — T
L(ws) = fo f1+a2 fz3— [ for =37 o, _T2T 01
T9 — T T3 — T9 T3 — T T3 — T
so that F F F F
. 2— 1 3— J2
f'(z2) = Df(x2) = oy + a9 (6)
xTo — I T3 — X2
for
T3 — T3 Ty — T
ap = , Qg =
T3 — T T3 — T

is a second—order approximation of f’(x2). In this way we approximate f’(z;) in the inner nodes
T1,...,Tn—1 of our mesh.

Mutual exchange of the indices 1 and 2 in (3) leads to the second—order approximation

Flan) = Df(e) = gy 22200 4 g, 2= )2

(7)

xTo — I T3 — T2
for
To — I xr1 — T2
Gi=1+ , o=
T3 — X1 I3 — I1
of f" useful in the least node xyp = a and an exchange of 2 and 3 in (3) leads to the second—order
approximation
. 2— N1 f3— [
fl(as) = Df(ag) =m 27T 40y B )
To — I T3 — T2
for
To — I3 xr3 — T2
M= =1+
T3 — X1 I3 — I

applicable in the largest node x,, = b.



3 Approximation of a function

In this section, we use the operator D, described in (6), (7), (8) for an accurate approximation
of a smooth function whose values are given in a finite number of nodes.

Definition. For every mesh a = zg < 21 < --+ < z,, = b with the discretization step h and
for the values f; = f(x;),i=0,1,...,n of a function f € C(a,b), we denote by Hy[f] a function
from C'(a,b) such that

(a) Halfl(zi) = fi,
(b) Half)(z;) = Df(z;) for i = 0,1,...,n,

(¢) Hn[f] is a polynomial of degree less than or equal to three on the interval (x;_i,z;) for
1=1,...,n.

Functions Hy[f] with the above properties (a) — (c) are called Hermite cubic splines. Accord-
ing to [6], the function Hj[f] is determined uniquely. In this case, we cannot use the classical
results characterizing the interpolation error of the Hermite interpolation from [4] or [6] because
f/(x;) # Hp[f] (x;). It is also impossible to use the sophisticated tools developed for the analysis
of the error of the finite element approximations presented in [8] or [5] because the so—called
unisolvability of the finite elements is required. This requirement means that the behaviour of
the interpolant, in our case of Hp[f], on every subinterval (z;_1,z;) is determined by the data
from the subinterval (x;_1,z;) only; this is not the case for the interpolant Hy[f]. In the follow-
ing Lemma 1, we express the differences f — Hj,[f] and f' — Hp[f]’ on an arbitrary subinterval

<$i717 xz)

Lemma 1. Leta = 290 < 21 < --- < x, = b be a mesh with the discretization step h
and let f € C3(a,b). Let us choose a fixed index i € {1,...,n}, denote I = (z;_1, ;) and put
k=x —xi_1, fl_y = f'(zic1), fI = f'(z;). Then there exist parameters cy, c1,co satisfying
lcol < fl3,00/2, |c1] < |fl3,00/2 and |c2| < |f|3,00/4 such that the following statements (a), (b)
are valid.

(a) For every = € I there exist n1,m2 € I and n between 11, 12 satisfying

(Mulf] = £)(@) = (v —xim1)cohk + (x — 2i-1)* [(n2 — m) f”"(n)/2 — coh]
+ (.%' — xi_l)z(:r — xl) [02 + h(CO + Cl>/k‘] .

(b) For every x € I there exist 11,12 € I and n between 1, 7y satisfying

(Half] = ) (@) = (2 —ziz1) [f"(n)(n2 —m) — 2c0h]
+ ($ — xi_l)(?)x —2x; — ZCi_l) [02 + h(C(] + 01)/]{}} .
Proof. (i) There exist cg, ¢1 such that |co| < |f3,00/2, |c1] < |fl3,00/2 and
f'(wi—1) — Df(zi—1) = cohk, f'(z;) — Df(x;) = c1hk :

Due to (3), we have | f'(zi—1) =D f(zi—1)| < |f|3,00hk/2. The first statement follows immediately
and the proof of the second statement is analogical.

(ii) There exists c2 such that |ca| < |f]3.00/4 and
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Due to the Taylor Theorem, there exist x;_1 < & < & < x; such that

flai—k/2) = fioa+ fiik/2+ /(&) /8
flai—k/2) = fi— [ik/2+ f"(&2)K?/8
If we subtract the second identity from the first one, multiply the difference by 2/k and use

the relation f”(&1) — f"(&2) = (&1 — &) f"(€) for a suitable € € (£1,&2) due to the Mean Value
Theorem, we obtain the statement.

Now, we express the difference Hp[f] — f. The definition of Hy[f] and (i) tell us that the
restriction of the cubic polynomial Hp[f] on the interval I is determined by the conditions

Hulfl(zio1) = fic1 Hu[f] (1) = fi_1 + cohk
Hul[f](x:) = fi Hulf] (x5) = f] + c1hk

The well-known construction of the polynomial Hp,[f], see [4] or [6], leads to the formula

Hulfl(x) = fic1+ (. —xi1)(fi g + cohk)

(2 —zi1)? fi— fic1— 72(2]2_1 + cohk) o)

i+ fl—=2(fi = fiz1)/k+ (co+ c1)hk
k? '

+ (z—zi)(z—x)
If we use the identities

ficr+ (@ —zis)fi = f(@) = (& —2-1)° " (m) /2

for some 11 € I due to the Taylor Theorem,

fi = fie1 = kfioy = [ (m2)k?/2 (10)
for some 72 € I due to (5) and the statement (ii) then we obtain

Hulfl(x) = f(z)+ (x —zi—1)cohk
+ (z—2i1)? [(f" () — f"(m))/2 — coh]
+ (ac — l’i_l)Q({B — xz) [02 + h(CO + 01)/]{} .
This and the Mean Value Theorem give us

(Hulf] = (@) = (z—zi1)cohk + (z —xi1)% [(n2 —m) f"(n)/2 — coh]
+ (x—xi1)%(x — ;) [c2 + h(co + 1) /K]

for suitable 11,12 € I and n between 11, 7.

In order to derive the difference Hy[f] — f’, we find the following derivative of (9).

fi— fi-1— k?(fi/_l + cohk)
k2
fia+ fi=2(fi — fi-1)/k + (co + c1)hk
k2

Hulf) () = fiy+cohk+2(x—x1)

+ (QZ - $i_1)(31‘ - 2a:z- — wi—l)
If we use (10), (ii) and the identity

fioa=f'(@) = f"(m)(@ — zi1)



valid for a suitable 71 € (x;—1,x) by the Mean Value Theorem, we obtain

(Half1 = N)(x) = (x—zi—1) [/ (n)(n2 — m) — 2coh]
+ (z—2i—1)(Bzx —2x; —xi—1) [ca+ h(co+c1)/k]. O

In Theorem 1, we prove the accurracy of the approximation of functions f € C3{a,b) by the

functions Hp[f] in the Ly-norm and the H'-seminorm under the assumption that the mesh of
the interval (a,b) is regular.

Definition. Let v € (0,1). We say that the mesh a = 29 < 21 < -+ < x,, = b with the
discretization step h is reqular whenever z; —z;_1 > vh fori=1,...,n

Theorem 1. For arbitrary regular mesh a = x¢p < 1 < -+ < x,, = b with the discretization
step h and for every function f € C3(a,b), we have

- ;  [583(b—a)
IHRLf] = fllo £ C1h°|f|3,00 for C1 = 10
and
47(b —
1~ Halll < Col?lflyo for Co= /10

Proof. The difference Hy[f] — f from Lemma 1 gives us

ML) — FI3, = /I (Half] — ?(@)de =T+ -+ Is.

It is easy to see that

iI| = /I(x — 2i_1)%Eh2kAdr < h2KP f‘l‘;“
2
L] = (x —zi-1)%cohk [(n2 — m) £ (n) — 2coh] dz| < (h + k)hk>—=
" 2

|I3] = ’/ T— 1) [ 2—771)f 2(77) —coh] dx’ < (h+k;)2k5m230’°°
|I,] = /(m—x 1)3(x—x Jeohk [cz—i- h(c()—kcl)} dx

I 11— A k;

< <h+ > hk’> ——— 20
4 " h

15| = /I(x — 1) (@ — 2) [(m2 —m) f" (n) — 2coh] [02 + %(Co + 01)] dx

< (h+k)<h+ ) |f:|)j)°°

[ls] = /(3? - xi—1)4(37 — 1;)° [02 + %(Co + cl)rda: < (h + 4)

1

|f’3oo
105

We increase the above estimates of |Hp[f] — f”%J by putting k = h. If we compute the sum of
these terms and use the fact that n < (b — a)/(vh), we obtain

583
840

_ 583(b—a)

IHALf] = fII§ < 81 £13 oo



By means of the same technique, we obtain

In the following example, we illustrate that the orders of the interpolation error measured

24v

in the norms from Theorem 1 are optimal.

Example. Let us consider the function

on the interval (—1,2). In the following Table 1, we present the values of the norms ||Hp[f] —
fllo and |f — Hp[f]|1 for equidistant meshes on (—1,2) with the discretization steps h =

3/22,3/23,...,3/2".

fla) = —

Half] - £ < F0—a)

T 1+a?

W f15 oo O

h IHn[f] = fllo | [Helf] = fla
0.75 0.63308 e-1 0.14304

0.375 0.52994 e-2 0.32594 e-1
0.1875 0.43326 e-3 0.79324 e-2
0.09375 0.43908 e-4 0.19512 e-2
0.046875 | 0.51037 e-5 0.48421 e-3
0.0234375 | 0.63335 e-6 0.12086 e-3

Table 1

For comparison, we summarize the known results concerning the orders of the errors of
interpolation of smooth functions by linear and cubic splines.

Definition. For arbitrary mesh a = zg < 1 < -+ < x,, = b with the discretization step
h and for a function f € C(a,b), we denote by Sp[f] the interpolation cubic spline of f in the

nodes xg, ..., xy such that

f'(a) = Sulf]'(a) and f'(b) =Sulf'() or  f"(a) = Sulf]"(a) and f"(b) = Su[f]"(b).

Theorem 2. For every function f € C?{a,b) [f € C*(a,b)] there exist constants C7, Cy such
that

ILh[f] — fllo < C1h*  and
[HSh[f] - f”O < Clh4 and

|ILu[f] = fli < Cah
Sulf] — fl1 < C2h?]

for every regular mesh with the discretization step h.

Proof. The statement concerning the linear splines £[f] can be found in [11] and the statement
concerning the cubic splines has been proved in [10].
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