Existence of Positive Solutions of Discrete Delayed Equations
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Abstract

In the paper we develop the method of inequalities to prove existence of positive solutions
to linear difference equations with negative coefficients and with delays. Series of comparison
results for solutions of this class of equations is derived. They are used to prove existence of
positive solutions of a particular and very often investigated class of linear equations with
only one delay. The relevant result is given in form of an inequality (with a suitable auxiliary
function) for the coefficient of equation.

1 Introduction
We use the following notation: for integers s, ¢, s < ¢, we define
791 :={s,s+1,...,q}

where s = —oco and ¢ = oo are admitted, too. Throughout this paper, using notation Z,
perhaps with other sub- or superscripts, we suppose s < q.
The topic of our study is a linear scalar discrete equation of k-th order

Azx(n) = —Zpi(n)x(n—i), (1)

where po: Z3° — R, p;: Z3° — Ry :=[0,00),i=1,...,k, k> 1, ais an integer and n € ZZ°. Let
@: 72, — R. Together with discrete equation (1), we consider an initial problem: determine a
solution & = z(n) of equation (1) satisfying the initial conditions

z(n) = ¢(n), n € Zy_y, (2)

with prescribed constants ¢(n) € R. A solution of initial problem (1), (2) is defined as an infinite
sequence of numbers {z"}°° . with 2" = z(a + n), i.e.,

{7 =p(a—k),...,2° = p(a), 2t = z(a +1),...,2" =z(a+n),...}

such that for any n € Zg° equality (1) holds. If it will be convenient, we denote the solution
x = x(n) of the initial problem (1), (2) as z(n) = z(n;a, ).



Our aim is to find sufficient conditions with respect to the right-hand side of equation (1) in
order to guarantee the existence of at least one initial function

z(n) = ¢*(n), n € Zg_y

with ¢*: Z%_, — (0,00) such that the solution z* = x*(n;a, ¢*) of the initial problem (1), (2)
with ¢ = ¢* remains positive on Z:>° , .

2 Nonlinear Preliminaries
Let us consider a scalar discrete equation
Au(n) = f(n,u(n),u(n —1),...,u(n — k)), (3)

where f: Z>® x RFfl — R and k > 1 is an integer. Let ¢: Z% , — R be a given function.
Together with discrete equation (3) we consider an initial problem: we are seeking for the
solution u = u(n), n € Z3°, of (3) satisfying initial conditions

ula—m)=¢la—m), m=0,1,... k. (4)

The notion of a solution of the initial problem (3), (4) can be adapted easily from the Section 1
and therefore we not recall it. The existence and uniqueness of the solution of the initial
problem (3), (4) is obvious as well. If f is continuous, then the initial problem (3), (4) depends
continuously on the initial data.
Let two functions b,c: Z>° , — R be given such that b(n) < c¢(n) for each n € Z2°,. For
n € Z;°, we define sets
w(n) :={(n,t): t e R,b(n) <t <c(n)}

and
wi(n) :={{):teR,b(n) <t <ec(n)} =Prliwn)

where the symbol “Pr|,” denotes the function of projection to the axis ¢.
Except this we define a set

Qi={(n,t):n € Z2;,(n,t) cw(n)} = [ J w(n).

nezx .
Obviously
w(n) ={(n,t): t e R,b(n) <t <e(n)},
dw(n) ={(n,t): t € R, (b(n) —t)(t — c(n)) = 0} = {(n,b(n)), (n,c(n))},
Q={(n,t):neZ2;, (nt)cwmn)}= ] @)
nez>x .
and

N ={(n,t):neZy2,, (nt) €dwn)}= U dw(n).

nez>x .

We will formulate an auxiliary nonlinear result on existence of a solution u = u(n), n € Z°,
of (3) with the graph (n,u(n)), n € Z2°, remaining in 2. It means, in other words, that under
certain assumptions there exists at least one initial function ¢ such that

b(n) < p(n) < c(n)



forn € Z%_, and
b(n) < u(n;a,0) < c(n) (5)

for every n € Z2°,. It is easy to see, that from inequalities (5) we can deduce the existence of
a positive solution of the equation (3) if our sufficient conditions will be valid for the choice:
b(n) =0 and ¢(n) >0, n € Z°,.

We divide the boundary 02 into two nonempty disjoint subsets B; and Bs, where

By :={(n,t) € Q, t =b(n)},
By :={(n,t) € Q, t =c(n)}.

Now we are ready to formulate a nonlinear result, necessary for our investigation, concerning
the existence of a solution of (3) with the graph lying in the set Q (see [1, 2]).

Theorem 1 Let the function f: 7Z3° x R"!1 — R be continuous. If, moreover, inequalities

f(n,b(n),ug,...,ux) —b(n+1)+b(n) <0, (6)
f(n,e(n),uy,...,ux) —c(n+1)+c(n) >0 (7)
hold for every n € Z3° and every uy € w*(n—1), ..., up € w*(n—k), then there exists an initial

problem
u(la—m) =¢(a—m), m=0,1,....k

with ¢: 22, — R, p(n) € w*(n), n € Z2_, such that the corresponding solution u = u(n, a, )
of equation (3) satisfies the inequalities

b(n) < u(n;a,p) < c(n)

for every n € Z2°.

3 Results

The following theorems represent the main results of this contribution.
Theorem 2 Let

k
Z pi(n) >0 (8)
i=1

for any n € 222, Then for the existence of a positive solution x = x(n) of (1), the existence of
a function v: Z° , — RT := (0, 00) such that

Av(n) < — Zpi(N)V(n — 1), 9)

forn € Z* is sufficient and necessary. Moreover z(n) < v(n) holds on Z3° .

Proor. NECEssITY. It is obvious since it is possible to put v = x, where z is a positive solution

of (1).

SUFFICIENCY. We will use Theorem 1 with



In such case w*(n) = {(t): t € R,0 < t < v(n)}. We verify inequalities (6), (7). With respect
to (6) we have

f(n,b(n),ut,...,ux) —b(n+1)+b(n) = f(n,0,us,..., up sz u(n —1i)

It is easy to see that u; > 0 if u; € w*(n—14),i=1,..., k. Then (we use (8) as well)

k

f(n,b(n),ug,...,ux) —b(n+1)+b(n) < —Zpi(n) <0

=1

and (6) holds. With respect to the inequality (7) we have

fnye(n),ug, ... ,ug) —c(n+1) 4+ ¢(n)
=f(n,v(n), ul,...,uk)—u(n—l—l)—l-u(n)

=—po(n sz ui —v(n+1) +v(n).

Since u; € w*(n — 1), then u; <wv(n—1),1=1,...,k, and due to (8), (9)

f(n,e(n),u,...,ux) —c(n+ 1)+ c(n)

k
> —po(n Zp, vin—1)—v(n+1)+v(n)
k
= Zpl(n)y(n —1i) — Av(n) > 0.
1=0

Inequality (7) is valid. We conclude that all the assumptions of Theorem 1 are valid as well.
With respect to the equation (1) (we change w with x) it means that there exists an initial
function ¢: Z¢_, — R, ¢(n) € w*(n), n € Z¢_, such that x = x(n, a, ) satisfies the inequalities

0=0b(n) <u(n;a,¢) < c(n) =v(n) (10)

for every n € Z2°. Inequality (10) coincides with the conclusion of Theorem 2. [

For the proof of the main result we need a comparison result for the equation (1) and an equation

Aw(n) = —ZPi(n)w(n—i) (11)

where Py: Z3° — R, P: Z2° — Ry, i = 1,...,k, k > 1 under assumption P;(n) < p;(n),
t=1,...,k,neZyr.

Theorem 3 Let .

Y Pi(n)>0 (12)

i=1
for any n € Z2° .. Assume that equation (1) admits a positive solution x = p(n) on Z2°, and
Py(n) < pi(n), (13)

i=1,...,k, n € Z3°. Then the equation (11) has a positive solution w = w(n) on Z2°, and,
moreover, w(n) < pu(n).



Proor. We will use Theorem 1 with

Then w*(n) = {(t): t € R,0 < t < pu(n)}. We verify inequalities (6), (7). With respect to (6)
we have

k
Fr, b)) — b+ 1) + b(n) = £, 0,1, ) = — 5 Paln)u(n — i),
i=1
Since u; € w*(n — 1) we have u; >0, i=1,...,k and (we use (12))
k
Fn,b(n),u, .. up) = b(n+ 1) + b(n) < = > Pi(n) <0,
i=1

Inequality (6) holds. With respect to the inequality (7) we have

fn,e(n),ug, ... ux) —c(n+1) 4+ c(n)

=f(n, p(n),urs. o up) = p(n +1) + p(n)
k

= — Py(n)p(n) = > Pi(n)u; — p(n+1) + p(n).

i=1

Since u; € w*(n — 1), then u; < pu(n —1i), i =1,...,k, and due to (12), (13)

f(n,ce(n),ug,...,ux) —c(n+1)+c(n)

M»

> — Py(n Pi(n)u(n — i) — p(n + 1) + p(n)
. =1
> = pi(n)u(n — i) — Au(n) = 0.
1=0

Inequality (7) is valid and all the assumptions of Theorem 1 are valid as well. With respect to the
equation (11) (we change v with w) it means that there exists an initial function ¢: Z¢_, — R,
o(n) € w*(n), n € Z%_, such that w = w(n, a, ) satisfies the inequalities

0=0b(n) <w(n;a,p) <cn) = pn) (14)
for every n € Z2°. Inequality (14) is equivalent with the conclusion of Theorem 3. [J

Definition 1 Let us define the expressionlngt, ¢ > 1, by the formulaIngt = In(Ing_1 t), Ingt = ¢
where t > exp,_o 1 and exp,t = exp (exps_l t), s> 1, expgt =t and exp_; t = 0 (instead of
the expressions Ing t,In; t, we write only t and Int in the following).

Let £ > 0 be a fixed integer. We define auxiliary functions

(n) = kY ! +L+L+ + i (15)
P =k +1 kE+1 8n? 8(nlnn)? 8(nlnn...lnyn)?

and

k n
ve(n) = (k—i—l) -v/nlnnlngn...Ingn (16)



which play an important role in the investigation of positive solutions of an equation
Az(n) = —p(n)z(n — k), (17)

being a particular case of equation (1) (with pg =p1 = -+ = px—1 = 0 and p;, = p). We assume
that n in (15) and (16) is sufficiently large such that py and v, are well defined.

Lemma 1 Let £ > 0 be a fized integer. Then the inequality

Av(n) < —pe(n)v(n — k) (18)

has a solution v = vy provided n is sufficiently large.

The following result is a consequence of Lemma, 1.
Lemma 2 Let £ > 0 be a fized integer. Then the equation
Azx(n) = —pe(n)z(n — k)
has a positive solution x = x(n) < vy(n) provided n is sufficiently large.

PROOF. Since the inequality (18) has a (positive) solution v = vy provided n is sufficiently large
then the proof is a straightforward consequence of Theorem 2 (we assume a is sufficiently large)
withpo=p1 =+ =pr_1 =0 and p,, = vp. O

Theorem 4 (Main result) Let £ > 0 be a fized integer and 0 < p(n) < pg(n) for n — +oo.
Then the equation (17) has a positive solution x = x(n) < vy(n) provided n is sufficiently large.

PROOF. 1t is a direct consequence of Theorem 3 (we assume a is sufficiently large) with Py =
Pp=---=P,1=0and P, = p(n) and Lemma 2 if we put pg = p1 = -+ = pr—1 = 0 and
pr = pe(n) in (1). O
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