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Abstract

The paper gives an overview of methods of the analysis of gray-scaled photographi-
cal images for circular domains, motivated by the need of sufficiently precise and cheap
monitoring of displacements of parts of building constructions in time. The overview of
methods applied in the literature is followed by the geometrical analysis of the projection
of a planar circle to plane of the snapshot. Several algorithms, based on the numerical
analysis of partial differential equations, adopted to this problem, are presented together
with the analysis of their properties.

1 Introduction

The analysis of gray-scaled photographical images for circular domains is a serious problem in
image processing, namely in applications in astronomy, physics, biology, quality control and
metrology, etc. A photographical image of a circle, located in a real plane, as a result of central
projection to an other real plane, may be a real two-dimensional quadric (ellipse, hyperbola
or parabola, in degenerated cases alternatively some linear set), for good-arranged experiment
typically an ellipse, in general with the centre that does not coincide with the image of the
original centre of a circle.

Such preliminary sketched problem can be studied using the general theory of pattern
recognition. Since we are sure (unlike military applications where nobody can know a priori
whether the objects on a real-time image correspond to a geese gaggle or to enemy’s bombs)
that we are reconstructing a circle, we are allowed to switch to special methods and algorithms
for ellipse detection, ignoring other shapes. The number of references only partially documents
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a great number of activities in this research field in the last two decades. Thus it is useful
to remind at least their principal directions and approaches. In our rough classification the
criterion of mathematical basis will be dominant. However, a lot of other criteria is possible:
some methods prefer robustness, other methods computational efficiency, including either low
CPU time (which is important namely in real-time applications) or small memory requirements
or make use of possibilities of parallel computing, etc.; the result is every time some compromise.

The discussed methods can be divided into two big groups:

1) optimization,

2) voting/clustering.

The characteristic property of methods from the group 1) is that some kind of minimization
in some norm or real couples, typically expressing the distance between the points on a boundary
curve (that should be an ellipse here) and the measured and pre-processed data; in general a
resulting ellipse does contain no given data exactly. Such methods can be relatively simple only
if the image is a circle (which is given by 2 parameters only), too. Since the complete description
an ellipse needs 5 parameters, in all other cases they are rather complicated; moreover, their
quality depends strongly on the good detection of a boundary curve from the noised two-
dimensional finite map of gray-scaled pixels (alternatively transformed from the red/green/blue
color representation). This gives serious arguments for the development of methods of the group
2), based on some advanced suboptimal algorithms of choice of “correct data” to determine an
ellipse, usually in less expensive way. In some more details, the group 1) contains namely

a) least squares fitting,
b) moment of inertia optimization,

c¢) genetic algorithms,
whereas the group 2) incorporates

d) Huge transform,
e) random sample consensus,
f) algorithms based of fuzzy logic,

g) algorithms based on competitive learning.

Most methods from the literature belonging to the group 1) can be classified as a). Nev-
ertheless, the formal algebraic fitting from the seemingly linear least squares method (LSM),
based on the determination of 5 real parameters A, B, C, D, E in the general equation of a plane
quadric

Az’ + Bry+Cy* + Dx+ Ey+1=0

from a lot of pre-processed n discrete couples (x;,v;), ¢ € {1,...,n}, of Cartesian coordinates
(x,y) in the two-dimensional Euclidean space, is rarely applied because of the difficulties with
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the realistic error evaluation; nearly all algorithms, as [35] or [13], come from deeper geometrical
considerations. The theory of non-linear least squares fitting of an ellipse is summarized in [1]:
the cost function is the sum the second powers of distances (Euclidean norms of differences)
between all couples (z;, y;) and corresponding couples (Z;, J;), obtained in each iteration step of
the generalized Newton method for 5 unknown parameters by orthogonal projection of (z;,y;)
onto an ellipse. The unpleasant difficulties come already in the setting of calculation of (z;,y;):
for an arbitrary couple (z;,y;) there are 4 possibilities how to construct (Z;, g;); this corresponds
with the formulation of certain algebraic equation of order 4, solvable exactly by the general
Cardan formulae (which would lead to a very complicated algorithm — cf. [27], p.69), by the
auxiliary Newton iteration for such algebraic equation (which is unstable by experience here) or
for 2 algebraic equations of order 2 (with better stability results). Let us notice that the argu-
ments from the classical projective geometry, presented in [21], p. 55, justify that much better
results cannot be expected: all 4 alternatives of choice (Z;,9;) characterize the intersections of
the so-called Apollonius hyperbola with both axes parallel to corresponding axes of an ellipse,
thus in generalized polar coordinates with a planar angle ¢, 0 < ¢ < 27, the evaluation of
(Z;,7:) lead to the calculation of corresponding ¢ from an algebraic equation of order 4 again.
However, the (not quite simple) constructive geometrical algorithm by [21], pp.45 and 55, is
available.

The above sketched difficulties motivates the derivation of still other method, based of some
kind of optimization; some of them cannot be interpreted as certain version of LSM only. This
is true e. g. for [6] with its optimization of certain moment of inertia, mentioned as b) here, and
also for the application of the theory of genetic algorithms, mentioned as c), derived in [34].

In the group 2) the most frequent approaches belong to d). The theory of the Huge transform
(HT) is more than 40 years old and dates back to the US Patent [19]. As a major advantage of
HT its insensitivity to imperfect data is appreciated. However, for detecting elliptic shape HT
needs 5 real parameters again: usually the center (£,7) (2 real numbers), the semiaxes (£,7) (2
positive numbers) and the orientation angle ¢, 0 < ¢ < 27. Various versions, extensions and
improvements of HT differs in concrete implementations of its 3 principal steps:

e applying some smoothing mask, usually based on some Gaussian-like convolutions as on
semi-Gaussian ones in sense of [38] or on Gaussian convolutions (including derivatives)
combined with Hermite integration by [28],

e calculating the edge strength (if possible, with subpixel precision), alternatively also the
direction (or convexity, curvature, etc.) at each pixel,

e locating the final edge, based on the voting for parameter values in accumulator arrays
and on their best estimation.

From the extensive literature we can mention only several items. Among the variants of HT, the
so-called fast Hough transform (FHT), designed in [24], became popular for its computational
efficiency. In [35] an ellipse is constructed from 5 points, using certain symmetry in subimages.
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In [18] an ellipse is generated from its center, obtained by the intersection of curves from two
arrays of midpoints of the pairs of edge points in the same horizontal and vertical position. The
way how to obtain edge tangent information is described in [2]; nevertheless, up to now, some
authors avoid such tricks completely, as in practice the setting of tangents may be imperfect
due to the noise working conditions. The contribution of [23] is in an original efficient setting of
symmetrical axes of an ellipse from its symmetric contours. In [33] the detection of the major
axis in the outer calculation cycle is preferred, the minor axis is then estimated in the inner cycle
(without any tangent information). Further algorithms refer to some properties of an ellipse,
known from the descriptive geometry, namely that the line going through the intersection of
2 tangents constructed in 2 points of an ellipse and through the central point on the line
connecting such two points contains the centre of an ellipse; certain variant of FHT, called
(by the authors) the fast ellipse Hough transform (FEHT), making use of such considerations,
is developed in [16]. Following FEHT, in [38] the original robust and fast software code for
real-time application, denoted as the real-time ellipse Huge transform (RTEHT), has been
presented.

Regardless to the quantity and quality of algorithms d), their certain alternatives e) should
not be quite neglected. The idea of random simple consensus (RANSAC) with its special voting
scheme was originally formulated in [12]. In [7] RANSAC was improved by some acceleration
techniques (and presented as K-RANSAC). The contemporary RANSAC-like methods can be
represented by the edge-projected integration of cues (EPIC), described in details in [30]. Only a
minority of methods from the group 2) cannot be classified neither as HT-like nor as RANSAC-
like approaches. In the case e) they are produced by specialists in fuzzy sets — cf. [9], in the
case f) by specialists in neural networks and their applications to competitive learning — cf. [37]
(although both authors are active also in HT research).

An important part of the correct ellipse detection, needed in both groups 1) and 2), is
the good choice of approximating points from a gray-scaled two-dimensional map, consisting
of a finite number of rectangles with constant intensities between black and white. Quick
(especially real-time) applications make use of some intuitive searching for maximal derivatives,
as the convexity matching scheme in 8 equal planar sections in [37], p. 276, preceded by certain
discretized version of Gaussian smoothing. Better approximations may be exploited using the
methods of numerical solution of partial differential equations of evolution, namely a nonlinear
diffusion equation of Perona-Malik type. Much more information to such methods can be found
in [10] and [32]; the complete theory, including existence and uniqueness results, coming from
the properties of Rothe sequences, is presented in [20]. From our field of interest namely the
development of geodesic active contours, sketched in [32], p. 45 (including an original numerical
approximation, based on certain finite difference scheme with harmonic averaging), theoretically
analyzed in [4], should be applicable, e.g. as an efficient pre-processing to a).
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2 Least squares technique in central projection of a cir-
cle

The following analysis is motivated by the fact that, unlike most cited references, we are sure
that our ellipse is an image of a circle; The main aim is to find the position of its center from
such image with subpixel precision; the speed of calculation (as in real-time applications) is
not the decisive criterion. We intend to derive a method based on least squares technique, but
without tough repeated calculations of distances between detected points and some (quasi)ideal
ellipse.

Let us now study the reconstruction of the position of a real circle from its photographical
image in the Euclidean space with the Cartesian coordinates (z,y, z). We shall start with the
formulation of 3 parametric equations of a circle w with a center S = (¢, yo, 20) and a radius
r in certain plane w

a(z — x0) +b(y — yo) + c(z — 20) = 0, (1)
defined (up to a multiplicative factor) by its normal (a, b, ¢); a, b and ¢ are real parameters, at
least one must be non-zero. Without loss of generality we are allowed to consider the projection
from the centre P = (0,0, —() (a non-zero real parameter ( is set by the camera), onto the

plane @, characterized by z = 0; the image of w is an ellipse @. We do not admit P contained
in @, thus we must suppose by (1)

axo+byo+c(20+C) 7&0
In such geometrical configuration w lies in the intersection of a sphere
x =1xg+rsinycosy, Yy =1yo+rsinysiny, Z =2y +1rcosy

with variable angles 0 < ¢ < 27 and 0 < ¢) < 7 and of a plane defined by (1). Let us remark
that such parameterization is not suitable for ¢ = 0; however, this case with w perpendicular
to @ is of low practical importance (we strive to preserve rather small angle between w and
w), thus the derivation of analogous equations with another parameterization can be left to
the inquisitive reader. For simplicity (to avoid other possible degenerations with our camera
close to w) we shall also assume 2y + ¢ > . Thus we have

arsin cos ¢ + brsiny sin ¢ + crcosy = 0
and consequently

c acosy + bsiny

siny = , cosY = — .
\/(acosgp—l—bsingp)Q—I—c2 \/(acosg0+bsing0)2+02
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The resulting equations of w are

N rCCos @
r =20 )
\/(acosgp—l— bsin )2 + 2
rcsin @

Yy="Yo + ) (2)

\/(acosgo—i— bsin p)? + 2

r(acos ¢ + bsin @)

=20 —

\/(acosgo—i-bs.ingp)2 e

Without loss of generality we are allowed to consider the projection from the centre P =
(0,0,—() (the positive parameter ( is set by the camera), onto the plane =, characterized by
z = 0; the image of w is an ellipse @; Using (2), we can see that the equations of all surface
lines of a cone containing w and going through S and through some point of w are

rCCos @
r=| T+ t,
\/(acosgo+bsing0)2 + c?

y:(y0+ resin @ )t
\/(acos4,0+bsing0)2 +c?
r(acos y + bsin ) ) .
\/(acosgo—i-bsingo)2 + c?

z=—C+ (20+C—

for an arbitrary real parameter . Their intersection with the projection plane z = 0 corresponds
to

-1
r(acosy + bsin ) )

t=Clz+(¢—
( " \/(acosgoijsingp)z+c2

This generates the equations of @

¢ (xo\/(acosgp + bsin )2 + 2 + rccos (,0)
N (20 —I-C)\/(acosgo—i-bsin(p)z + 2 —r(acosy + bsinp) 7
¢ (QO\/(CL cos ¢ + bsin p)? + 2 4 resin 4,0)

B (20 JrC)\/(acosgoersingo)Q + 2 —r(acosp + bsinp) 7
z2=0;

¢ is still a variable angle. The coordinates of the image S = (%, Jo,0) of S are

-~ Cxo Go = CYo
w+¢ T At

o =
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this can be verified easily from (3) for » — 0.

Let us notice some special cases. We have excluded @ perpendicular to w, corresponding
to ¢ = 0. If, in particular, @ is parallel to w then a = b = 0 and (3) degenerate to

((xg + 7 cos @) C(yo + rsinyp)
T = , y= "= z2=0.
20+ ¢ 20+ ¢

It is evident that @ here is a circle again (not a general ellipse); however, this cannot be arranged
usually in practice. The (perhaps more realistic) choice a = 0 # b or b = 0 # a does not bring
substantial simplifications; the corresponding equations can be easily rewritten from (3).

Let us also remark that the relations between w and @ can be alternatively studied by means
of the classical descriptive geometry, applying the theory of central projection and fotogram-
metry. Much more information can be found in [22], p.91, but the discussed constructive
approaches (as searching for intersections of couples of tangents to an ellipse @ and solving
a corresponding inverse problem) do not allow a sufficiently simple and transparent algebraic
description, needed in our considerations; Nevertheless, such approaches could be helpful to
construct (using a ruler and a drawing compass only) the first rough approximation of the loca-
tion of w from @ if no better information is available for the subsequent algebraic improvement.

Let us come back to (3) with ¢ = 1 (if ¢ # 0, this can be assumed with no loss of generality);
let us introduce the brief notation

r 1
. Pabp) = :
20+ ¢ \/(acosgo+bsing0)2+1

p:

Then (3) obtain the seemingly simple form

Zo + pP cos Yo + pPsine
xr = =
1—p®(acosy+bsingp)’ Y 1 — p®P(acosy + bsiny)

(4)

(the third equation is not needed). Let us believe that we know r (diameter of w) and ¢
(camera characteristic) exactly. For some fixed parameters a, b (global position of @), Zo, %o
and p (location of w in w, or @ in @, respectively) we need to determine ¢ from z and/or y.
We shall assume that we have (as the result of some pre-processing procedure) a finite number
n couples of inexact coordinates (z;,v;), ¢ € {1,...,n}, of points of ©@. Then for any such i the
best way for setting corresponding angle ¢; should be to minimize the function of one variable

1 1

floi) = ) (Vi — 931')2 + 2 (Vi — yz’)Q

where

Vzi = > Vyi = )
K K
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using the brief notation

VYei = To + pP;cos p;, Yy = Yo + pP;sin p;,

ki =1— p®;(acosp; + bsin ;)

with ®; substituting ®(a,b, ;). This can be done numerically, using the standard Newton
method: if the prime symbol denotes the the derivative by ¢; then we receive the iterative
algorithm

©i — @i — (i) [ (i) (5)
where
F(@i) = (Yai — i)V + (Vyi — yz)%'ﬂ )
T (i) = (Vas — @)V + (v — i)Yy + Ya + Vo

the (rather long) evaluation formulae for the first and second order derivatives of 7,; and 7,
can be generated e. g. with help of the MATLAB toolbox “symbolic” directly to the MATLAB
program code with the following result (presented here after small formal modifications):

/ /
;o Yk — Yuik;
xr "{12 )

/ !
, Wyiki — Yyik;
yi 2 )

%

1 2 12 n 12
0 Wyiki + Vi (267 — KR} ) + 204k
xi I€4 )

KA

" 2 12 " 12
n o Yyl + Vyi (267 — Rik]) + 20y85] )
yi Kfl )

2

here the first and second derivatives of ®;
P! = ®?(acosp; + bsin p;)(asing; — bcosy;),
Q! = @f((a cos ©; + bsin ;) — (asin @; — bcos <pi)2)
— 305 (a cos @; + bsin ¢;)?(asin p; + bcos p;)?
and of other auxiliary functions
U .=p(—P; sin @; + P’ cos p;) ,
Vi =p(®; cos p; + P sin ;)
ki=—p (®'(acos ¢ + bsinp) + ®;(—asinp + beosp)) ,
Pl =p(—®; cos p; — 2P’ sin ; + D cos ;) ,
i =P (=P sin@; + 28] cos p; + 7 sin ;)
ki =—p (P (—acos ¢+ bsin ) + 2. (—asinp + bcos p) — P;(acos p; + bsin g;))
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are needed. The algorithm (5) must be applied n-times (for all pre-processed points), but all
calculations can be parallelized (which can be also MATLAB-supported).

Unfortunately, it is not realistic to know 5 parameters a, b, g, o and p in advance. Thus
we have to minimize the function of 5 variables

S 1 1
F(a'7 ba x(by(%p) = §Z (7$’L - i +
=1

N |

n
> (Vi — i)
i=1

where 7,; and 7,; (introduced above) are considered as functions of a, b, T, 7o and p now. We
can apply the Newton iterative algorithm again (for a function of 5 variables, but only once)

in the form

a a 0F/0a
b b OF/Ob
To | < | @0 | —M'| OF/0x, (6)
Jio Jo OF /05,
p p OF[0p

with
0?F/0a®>  0?°F/0adb 0*F|0adzy O*F/0ady, O*F/dadp

D°F/0adh  OFJO  OPF/obdi, O°F/obdf,  O°F /obdp
M= | 0°F /0005, O°F 0bd7, O°F/0%2  0°F 0,05y 0°F /0Fdp
O2F [0adfy O°F /000§y O°F /07005 OF/ORR  O2F05edp
O?F [/0adp O*F/0bdp O*F[0x,0p O?F/0yedp  O*F/0p?

(F and its partial derivatives depend still on 5 variables, but this is not emphasized explic-
itly here). To get some partial derivatives of F' is simple, namely those by Z, and 7,; even
O?F /0707y = 0. Their complete set can be evaluated using the scheme (similar to that in the

minimization of f)

8F/(9u = Z(%z - Iz’)a%:i/au + Z(%i - yi)a/yyi/guu
i=1 i=1
O*F | Oudv = Z(fym — ) 0%Ypi | Oudv + Z(’yyi — yi)azfyyi/(?uav

i=1 =1

> 00i/ O DV0i ) OV + > Oyi /O Dy O

i=1 =1

where u,v € {a,b,To, Yo, p} and the formal differentiation of ~,; and 7, is allowed to be
MATLAB-supported again. We obtain

O/ Ou Ky — Ok [ Ou
8wyl/8u R — 1/@1(9;@/811

0vyi/Ou= p

(3
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0?1yi | OUOV K2 + i (20K; /Ou Ok | Ov — K;0?kK; | Oudv)

0?41 ) Oudv = pr
240, (0K JOuv)?
+ ) ,
Ki
20y 2 (20K : k2
Oy — 0y [ Oudv K7 + 1y ( 8/£z//€48u OK;/0v — K;0%K;/0udv)
240, (0K JOuv)?
+ 1
Ky
with the first derivatives
Ohyi/Oa = pd®;/da cos p; OYyi/Oa = pod;/dasin p;
a%z/aﬂo = awm/afo —1=0 5 awyl/afo = awyz/ﬁjjo —1=0 ,
Oyi/Op = D;cos vy, OYyi/0p =P;sing;,

Oki/0a=—p (0P;/0a(acos p; + bsin ;) — ®; cos p;) ,

Ok /0b=—p (0P;/0b(a cos p; + bsin ;) — ®;sin ;) ,

Ok;/0p=®;(acosp; + bsing;) , Ok; /0Ty = OKk; /0y = 0,
0®;/0a = —®? cos p; 0®;/0b = —®? sin ;

and with the non-zero second ones for arbitrary u,v € {a,b}

0?*1yi | Oudv = pd*®; [ Oudv cos p; , 0?1y /Oudv = pd?*®; /Oudv sin g;
0*1yi | Oudp = 0; /Dp cos p; , 0%ty /Oudp = 0P, /dpsin p; ,
0*k;/0a* = —pd*®;/0a*(a cos p; + bsin @;) — 2p0®; /da cos @; ,
0%k JOb* = —pd*®;/0adb(a cos @; + bsin ;) — 2p0P;/Obsin p; ,
0%k;/0adb = —pd*®;/Dadb(a cos p; + bsin @;)
—p (09, /0asin p; + 0P;/0bcos ;) ,
0%*k;/0adp = 0®;/0a(a cos p; + bsin ;) + ® cos ¢;
0%k /0bOp = OP;/0b(a cos p; + bsin ;) + P sin @;

3
0*®;/0a”® = 387 cos*p;,  07D;/Ob® = 387 sin’p;,  O*®;/0adb = §(I>Z5 sin(2y;) .

In practical calculation the evaluation of M~! in (6) can be avoided e.g. by the Gauss elimi-
nation scheme.

In most technical applications with repeated reconstructions of w (a series of images with
time-dependent positions of w is available) the algorithm (6) can be simplified dramatically.
Namely if we are sure that w is still moving in @ then a and b can be set in the first calcu-
lation and in subsequent calculations F' depends only on 3 variables. The importance of the
quality of the first estimate of all 5 parameters may be more clear from an intuitive geometrical
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consideration (which could be verified by proper analytical computations or using constructive
arguments from [22], p.99): a cone given by P and @ has 2 systems of circular cuts by parallel
planes (that coincide only for a rotational cone), thus 4 circles with the given radius r belong to
such system, among them 2 violating the orientation of the projection from P, but remaining
2 to be distinguished.

3 Data smoothing and contour detection

The previous section needs n data couples (z;,y;), thus the quality of the result is conditioned
by the quality of their recognition from the finite gray-scale map, produced by our camera.
Because of the presence of noise some smoothing is needed, then the points approximating an
ellipse can be detected. We shall see that we can apply certain least squares access again.

Let w(z,y) be a smooth map of gray intensities (its smoothness can be analyzed more
precisely in terms of Lebesgue, Sobolev and Bochner spaces of integrable functions — see [32],
p.46), received from our gray-scale data g(z,y), assigned to particular rectangular pixels; all
such pixels create a rectangular domain 2. Its subpixel precision can be based on the following
considerations. By [32], p.45, w(x,y) is analyzed numerically as a solution w(x,y, ) of one
partial differential equation of evolution in time 7 > 0

. . Vw
w = |Vw|d1v<g|vw|> (7)
with w defined as Jw/0T, although its transparent derivation from some integral version of
the least squares access, similar to that from classical diffusion problems in computer vision,
sketched in [32], p.41, is not available. The evolution is starting at zero time ¢t = 0 from
some prescribed initial estimate w(x,y,0); then w(z,y) is taken as such “stationary status”
w(x,y,7) when all substantial changes of w in 7 vanish. This approach coincides with the
study of the parabolic problem of mean curvature motion by [10], p. 17; some its modifications
and generalizations are mentioned in [5], p. 267.

An unpleasant imperfection of (7) is that g(x,y) is a simple function, in practice discon-
tinuous on most pixel edges. Thus it is needed, following [32], p. 45, to substitute such g by
certain function g(|VS. * g|) (independent of w); here * denotes the convolution and S. is some
smoothing function with a positive parameter ¢, set by experience. In [32], p. 35, the Gaussian

smoothing S.(z,y) = d.(v/2? + y?) with
1 2
6. = g o (5 ®)

- 27e? 22

is recommended and the “diffusivity” function g is defined as

g(s) =1—exp (—w>
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for s > 0, otherwise (for s = 0) to g(s) = 1; A is some positive contrast characteristic (e.g. in
[32], p.46, ¢ = 1 and A = 5). The remaining positive characteristic & must be received from
some additional requirement, e.g. that the flux sg(s) is increasing for s < A and decreasing for
s > A; the elementary differential calculus gives then the condition exp(v) = 1 + 8v, satisfied
for v ~ 3.31487736178606.

The algorithm of [32] searches for the best contours of certain domain © (approximating
@ in our notation) in Q from its exterior, consisting of some “nearly-black” or “nearly-white”
noise of some average intensity c, between 0 and 1; moreover, a sufficient number of coordinate
couples (x;,y;) of 9O must be found a posteriori. However, we know that in our problem also
the interior of © should consist of some similar noise, only of another intensity ¢; between 0 and
1. To incorporate this information, let us follow the main ideas of [5]. The crucial problem is
always to localize 0O); for a sufficient number of its points all algorithms of the previous section
are applicable.

_ Let u be the standard 2-dimensional Lebesgue measure on (2, thus dy = drdy. Let A and
A be 2 prescribed positive constants. Let us try to minimize the real functional

Gler,e2,0) =X [ 6(6)|Voldp
FX [ (g = H©)du+ X [ (9= e2)(1 ~ H()) d ©)

where H denotes the Heaviside function and § the Dirac measure (which is the derivative of
H is sense of distributions); the third variable ¢(x,y) is certain “level-set” function with zero
values on 00, positive values on O, otherwise with negative values on 2, Lebesgue integrable
including its gradient on (2. Evidently the problem of localization of © coincides with the
analysis of zero points of ¢. For a fixed ¢ clearly G can be identified with a real function of 2
variables only, whose differentiation by c¢; and ¢y gives

0G/der(e1,¢2) =22 | (er = 9)H(9) du,
0G dca(er,e2) =2X [ (e2 = g)(1 = H(9)) du
and its minimum is attached for
a=([ H@ran) " [ ore)an.
o= ([ 0= H@)an) " [ o1~ HG)dn. (10)

This result has a simple geometric interpretation: ¢; and ¢y are the averages of g on © and
02\ O\ 00. Nevertheless, in general we must respect that both ¢; and ¢, depend on ¢; later in
practical calculations some formula for numerical integration (e. g. the rectangular rule) cannot
be avoided.
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The differentiation of G with respect to ¢ is more delicate For both fixed ¢; and ¢, it is a
real functional on a set of all admissible ¢, clearly with §(¢) unchanged. Therefore its Gateaux

differential (in sense of [14], p.89) with any variation ¢, Lebesgue integrable and bounded
including its gradient on €2, is

DC(6,8) =A% ([ 50V (Vo+190)- (Vo+tvajau)
+ X(;it </Q (g — 1)’ H(¢+to) dﬂ)t_o
+X§t (/Q (g —c2)(1 — H(¢+téﬁ5)>du) _

B Vé- Vo
=) [, 50 g

+X/Q $6(¢)(g — 1)’ dp— X/Q $6(¢)(g — c2)* du.
Let us assume that ¢ satisfies the boundary condition

(0Tt =0 (1)

on J%; here v is the unit (e. g. exterior) normal to J€. Using the Green-Ostrogradskii theorem,
we obtain the corresponding Euler-Lagrange differential equation

~

\V4 ~

st0) (v (9] = Mo — )+ 3y - ) =0 (12)
V¢l

on §2. For numerical calculation it is necessary to replace é by some “regularized Dirac function”

Je, €.g. by that from (8) or by that recommended in [5], p. 270,

de(s) =

3

e (13)

The corresponding “regularized Heaviside function” H., substituting H, follows here easily by
the integration with respect to s in the form

1 2
H.(s) = 3 (1 + - arctan (2)) ;

in case of (8) not in a simple analytical form. The existence and convergence results for the
minimization of G, consequently also for the solution of (12) and its modifications, follow from
the theory of Mumford-Shah segmentation problems, presented in [8]. An alternative proof is
sketched in [5], p. 269; it is based on the equivalent form of (9)

G(x) = A/Q \Vx|du+X/Q(9—cl(x))2du— X/Q(g— ca(x))? dps
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with an arbitrary characteristic function x(z,y) of © (i.e. a function with values 0 or 1 almost
everywhere with respect to y, in our notation identical with H(¢(x,y))) of a two-dimensional
set with finite perimeter and on some classical arguments (as lower-semicontinuity and its
consequences, cf. [14], p.96) of calculus of variations.

To solve (12) directly, even for fixed ¢; and ¢; and a regularized 4, is not quite easy. However,
its reformulation

¢ = ¢+ 76.(9) ()\ div<|gz‘> —Mg—ca)?+ Mg - 02)2>

for some positive 7 motivates the construction of ¢ as a limit of a sequence of iterations
0o, G1, P, . .. by the formula

v¢k+1
hen

with k£ € {1,2,...} for some initial estimate ¢p; the indices k in ¢; and ¢y cannot be removed
because we know that ¢; and ¢y depend on ¢,. Let us remark that in the nomenclature of
evolution equations this is the Euler semi-implicit scheme for an initial problem, corresponding
to the “time-continuous” equation

bun = on-+ 70,00 (M (T ) = g cu? + 5 - en?) (14

; . ( Vo
= 0. Miv| == | — (g —c1)? — )% ;
b= b.00) (naiv([95) ~ (o -+ (0 - )
thus we have obtained certain kind of nonlinear diffusion with expected final stationary status
again.

After the standard finite difference discretization (14) generates a system of linear algebraic
equations with a sparse system matrix in each iteration step, whose numerical solution is not
not expensive. The decomposition of €2 is reasonable to be done exactly into the system of
square pixels: if A is the length of their edges, we are able to approximate the first derivatives
of ¢ for pixel centers with coordinates (z,y), using the central differences as

Oy, )0z, y) ~ or(x + h, y)2_h¢k(x —hy) |

¢k(x7y + h) - ¢k(x7y - h)

Obr/y(w,y) ~ 57 :

Later we shall need also to approximate the second derivatives as

51/ 0 (z, ) ~o LT oY) 2@}(5, )+ oule—hy)

82y /O (2, y) ~ dr(z,y +h) — 2¢k}(;§,y) + or(z,y — h) 7
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or(x+h,y+h)— ér(x—h,y+ h)
2h2

ou(x —h,y —h) + ¢p(x + h,y — h)
2h? ’

O i/ 020y (x,y) ~

+

much more general formulae can be found in [31], p.249, where the proper accuracy analysis
of various finite difference approximations is done. To force (11), some artificial nodes (outside
Q) are needed: e.g. if a segment of 0f2 is characterized by = 0 and arbitrary y (from some
real interval, in practice for discrete values of y) then

¢k(h/27 y) — ¢k(_h/27 y)
h

this is a very special case of the formula from [31], p. 264.

Let us believe that we have found a “stationary” ¢(x,y). To generate all couples (z;, ;)
from the previous section, we need to calculate the zero points of ¢. Since the minimization of
f is rather difficult, it would be useful to avoid it at all. For some fixed parameters a, b, Zo, 7o
and p from the preceding section let us choose ¢; = 2mi/n for i € {1,...,n} and calculate all
x =1T; and y = g; for ¢ = p; from (4); in this way we get the coordinates of certain points .S;.
For such arbitrary 7 let us consider 2 real functions

(i, y:) = d(wi,y:) — 0 (¥ — 90) (T — Zo) — (25 — Zo) (Ui — Yo)) (Ui — Wo)

q(ws,yi) = (i, yi) + 0 (yi — ¥0)(Ti — To) — (w5 — To) (Ui — Yo)) (Ti — To)
where o is some positive constant; their partial derivatives with respect to x; are
Pa(i,yi) = 00/ (i, yi) + o (G — §0)°
Gz (i, yi) = 00/ 0x (i, yi) — o (Ti — To) (Ui — Yo)

and with respect to y; similarly

Py(@i,yi) = 00/0y(wi, yi) — (¥ — Yo) (¥ — o)
qy(i,yi) = 00/ 0y s, ys) + 0 (Z; — o).

Let us put p(z;,y;) = q(z;,9;) = 0. Then (independently of o) the matrix equation
T —To Yi— Yo (s, i) _ |0
T —To Yo— Ui (Yi — 90) (T — To) — (25 — To) (Fi — Jo) 0

is valid. Since both z; = Zy and y; = Yo cannot be true simultaneously, the existence of a
unique trivial solution of this system (by the classical Frobenius theorem) yields ¢(z;,y;) = 0
and (y; — Uo)(T; — To) = (z; — To)(¥s — Yo). This has a simple geometric interpretation: (x;,y;)
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determines the point of intersection of 9O with the line connecting S and S;. Consequently the

Newton algorithm
—1

Ti | | | Pe(Tis yi)  Dy(T5,9s) p(xi, vi) (15)

Yi Yi @i yi)  ay(Ti, yi) q(i, yi)
is applicable again; the first estimate can be e.g. (x;,y;) = (Z;,¥;). Nevertheless, one difficulty
occurs: all values of ¢ have been computed only for discrete nodes, identical with pixel centers,
thus its first and second partial derivatives should be (maybe slowly) interpolated or taken from
nearest nodes (which could reduce the rate of convergence); in much more general context such
problems are studied in [25], p. 117.

Let (10*) refer to the “regularized” version of (10) with H. instead of H and also formally
with ¢ instead of ¢. Now we are ready to implement the following software algorithm:

I. initialize ¢g, set k <« 0,
II. compute ¢;(¢x) and () from (10%),
III. solve (14) to receive ¢py1,
IV. check whether ¢, is sufficiently close to ¢y; if not, set k «+ k41 and go back to II., else
accept ¢ as final ¢,
V. initialize old a, b, Zq, Yo, p,
VI. prepare (z1,41), ..., (Tn, yn) by (15),
VII. compute new a,b, Zo, 4o, p from (6),
VIII. check whether new and old a, b, Zq, 7o, p are nearly the same; if not, take new values as
old ones and go back to VI.

The output should be the final estimates of a, b, T, 70, p at a subpixel quality level, sufficient for
the complete reconstruction of w in w. Both initial settings I. and V. must be done carefully.
In case of V. the argumentation is evident from the concluding geometrical consideration in
the previous section. In case of I. namely ¢g = 0 everywhere is prohibited; moreover, the
convergence of the algorithm to some local (non-global) minimum of G' (which is usually non-
convex) can occur, depending both on a “bad” estimate and on a “bad” regularization of type
(8) or (13); [5], p. 270, presents even another goniometric regularization with a strong tendency
to compute local minimizers.

The above sketched algorithm is able to be modified and generalized in several directions.
The idea to normalize |V¢yg| to 1, discussed in [5], p. 272, comes from [29]; this prevents the
level set functions ¢, to become to flat which can be also avoided by some optional rescaling
or reinitialization, in our algorithm as an auxiliary step between VII. and VIII. In [3] the infor-
mation on an elliptical shape of 9O is included in the form of certain penalization functional,
added to that analogous to 9. The variational formulations of [11] lead to the study of finite
element approximations; moreover, [11] includes the extensive overview of the state of art in
the theory of Mumford-Shah functionals, treated as shape optimization problems and solved
numerically using level-set techniques.



Numerical reconstruction of a circle from its photographical image at subpixel precision

4 Elliptical shape information in contour detection

The algorithm from the previous section consists evidently from two large blocks: the first one
(from step I. to step IV.) searches for @, the second one (from step V. to step VIII.) assigns the
location of w to any given w. Unlike the second block, the first block ignores the information
that w is an ellipse; thus it is seems to be natural to integrate this information into the first
block and simplify the second one. Although this is not easy, we shall show that such access is
possible, applying several results from two preceding sections.

Let us start with the basic idea of [3]: to select always such © that 0O is an ellipse. We
know that @ =~ 00O is some image of a circle in central projection, thus @ must be an ellipse
which justifies our assumption. In the simplest (non-realistic) case @ could be a unit circle,
thus it is reasonable to introduce a function

olz,y)=2"+y" -1,

negative inside €2, positive outside  and zero-valued on Q and |¢(z, y) — ¢(z, y)|? characterizes

the imperfectness of the relation w =~ 90. In the realistic case we must take

o, y) =2+ 9> -1 (16)

with (Z,y) coming from some affine transformation

| |¢ cost sinv ar |
gyl |n Tl _sing cosd By |’

our notation from Introduction is used here, o = € %/2 and 3 = 7= /2 for brevity,

In [3] only a “rigid transformation” with a priori known a = f is studied; in our more
general case 5 new parameters «, 3, &, n and 9 occur. This is the same number of parameters
as that for the reconstruction of w from @, thus it could be seemingly useful to reformulate
(16) with Zo, 7o, a, b and p instead of «, 3, £, n and 9. Such reformulation would remove
the second block of the algorithm at all, but this leads to complicated evaluations, including
e.g. many Newton iterations of type (5), avoided even in the previous section. This could be
expected also by geometrical considerations: @ (in the central projection) is not affine to w,
only collinear. However, the determination of parameters Zy, 4o, a, b and p if will be much
easier here — theoretically (for the quite exact values of x; and y; from (15)) n = 5 is always
sufficient.

We can easily see that in (16)
T =azrcost+ fBysiny + &, y = —axsind + Pycosv +n.

We must still consider qg, z and y as functions of x and y; nevertheless, we shall differentiate
them (for any fixed x and y) with respect to a, 3, £, n and ¥). We shall need especially the first
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derivatives of z and y with respect to v

T = —axrsind + By cos?, y = —axcos? — Bysind
and the second ones

7’ = —axcos — Pysind, 7" = axsing — By cosV .
Then the first derivatives of ¢ with respect to particular parameters are

¢ /0a = Tx cost) — yrsind, 0¢/08 = zysind + gy cosV,
09/ =1,  09/on=y, 00/ =2z +7y

the second derivatives similarly

Pofdai=a?,  OPOOF =, PEJ0E = oo =1,
0*¢/00* =z3" + gy’ + 3% +9*,
0%p/0adé = cos 1, 0*¢/0adn = —xsind ,
0*¢/0BOE = ysin¥, 0*¢/0B0n = ycos?,
D*¢/0adB =0 /0E0n =0, D*¢/000 = 7, O*¢/0ndd =1,
0*¢/000V = x((Z' — 1) cos — (¢ + Z)sinv) ,
0*¢/0p0Y =y((§ + ) cosV + (¥’ — ¢) sind).

Let us introduce one additional functional
Gl6,0,6.6m.9) = A | 60(0)|Vo| d (17)

with some positive constant A. Substituting G in (9) by G + G, we can see that G returns
certain penalization value, measuring the non-ellipticity of 00. Keeping «a, (3, &, n and ¢ fixed,
we can calculate the Gateaux differential (in the same way as that of G)

Vé- Vo
N

DG(6,6) = A [ 63(0) dn.

Keeping ¢ fixed, we have

0G /ou = ¢8¢/8u5 )| Vo,

PG/ Oudv = (60°6/0udv + 06/0udé/0v) §(6)| V9|

\\
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for any u,v € {a, 3,£,m,9} Thus, searching for the minimum of G (still with fixed ¢), using
some formulae for numerical integration, similarly to (6) we can calculate

a o' 0G [0a
5 p B 0G0
El =& |-M"| 0G/o¢ (18)
n 7 9G/on
9 9 0G99
with _ _ _ _ _
#G/0a®  0°G/0adf 0°G/0ads 0°Gl0adn 0°G[0adV
0GJ000s  PGJOF  0°GJOBoE 9°GJason 9°GoBoY
M = | 0°GJoade 0°GJopoE GO P°Cody 0°GIgDY
%G oadn 0°G[ogon °Gjocon  P°GlonE  6°Gondv
D2G /0000 9°GIOB0Y O2GIOLDY G omdd GOV

all derivatives of G here must be expressed using the formulae from those of ¢ and some
numerical integration scheme. Moreover, some ellimination scheme should be prefered to the
construction of M1 in (18); let us remember the same comment with M ~! in (6).

Let us come back to the case with variable ¢ and fixed «, 3, &, n and 9. The minimization
of the G+ G from (9) and (17) leads (in comparison with the previous section) to the following
modifications: the left-hand side of (12) gets A + A@? instead of A and the right-hand side of
(14), after the change referenced as (14*), gets A + A@? instead of A where ¢}, is set by the last
update of a, (3, £, n and ¥J; all remaining relations can be extended in the similar way.

Let (18*) refer to (18) where in the definition of G (similarly to the assignment of (10*) to
(10), occuring in the algorithm in the preceding section yet) ¢ is replaced by d. and ¢ by ¢.
Let (16*) refer to (16) with ¢ replaced by ¢;. Our new software algorithm reads:

I. initialize ¢y and also old «, 3,&, 1,9, set k «— 0,
II. compute ¢;1(¢) and ca(¢y) from (10%),

ILa find ¢y by (16*),

II.b compute new «, 3,&, 1,9 from (18%),

II.c check whether new and old «, 3, &, n, 9 are nearly the same; if not, take new values as old
ones and go back to Il.a,

III. solve (14*) to receive ¢py1,

IV. check whether ¢, is sufficiently close to ¢y; if not, set k «+ k+1 and go back to II., else
accept ¢ as final ¢,

V. initialize old a, b, Zq, ¥, p,

VI. prepare (z1,41), .., (Zn, yn) by (15),
VII. compute new a,b, Zo, 4o, p from (6),
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VIII. check whether new and old a, b, Zg, yo, p are nearly the same; if not, take new values as
old ones and go back to VI.

This algorithm is improved (in comparison with the previous one) by the nested cycle in II.
Its drawback is that especially II.b is rather expensive; this is only partially compensated by
the above explained simplification in the second block (from V. to VIIIL.). However, various
programmer tricks may be applied to avoid too time-consuming calculations (with the risk of
slower convergence): e.g. ggj may be considered in iv) instead for ¢, until & — j is smaller than
certain prescribed integer.

Following [3], p.427, let us now notice another trick, seemingly removing the nested cycle
at all. Let us consider the symbolic vector operator

V = (8/0a,8/083,0/9¢,0/0n,9/0V) .

Then (18) can be interpreted, thanks to the integration over €, as searching for the real vector
V = (o, 3,&,1n,9) from the nonlinear system of 5 algebraic equations

| Vé0.(0)Iveldu=0. (19)
Thus (18) is possible to be replaced by another iteration scheme
Ver = Vi + 207 | V6 61.0.(60)| Vonl dn = 0 (20)

where Vi, k € {0,1,2,...}, are the approximations of V' (which could be identified again as
certain “diffusion”). This consideration results in the algorithm where no high accuracy ellipse
fitting in every step is needed:

. initialize ¢ and Vj, set k < 0,
II. compute ¢;(¢x) and co(¢y) from (10%),
ILa find ¢ by (16*),
III. solve (14*) to receive ¢py1,
I[II.a solve (20) to receive Vi1,

IV. check whether ¢ is sufficiently close to ¢y and Vi, is sufficiently close to Vj; if not,
set k «— k + 1 and go back to II., else accept ¢y, as final ¢ and V}, as final V'

V. initialize old a, b, Zq, yo, p,
VL prepare ('Tla y1)7 R (‘Tna yn) by (15)7
VII. compute new a,b, T, 9o, p from (6),

VIII. check whether new and old a, b, Zq, yo, p are nearly the same; if not, take new values as
old ones and go back to VI.
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In this algorithm no high-accuracy ellipse fitting in every k-th iteration is necessary, each ¢
by (16) is computed only once, being not predicted and corrected.

Finally let us come back to the idea of total removing of all steps after IV. To express x
and y for (16) is not easy — cf. the iteration (5) for discrete points, thus it is better to rewrite
(16) indirectly as

P(x,y) =1—12, T =To+ (72 — Zo)t, Yy ="+ (v — o)t (21)

for t > 0 and 0 < ¢ < 27 (the new coordinates ¢t and ¢, applied in @, correspond to standard
polar coordinates in w) where 7, and -, are 2 (rather complicated) functions of ¢, introduced
(and also differentiable) in the same way as v,; and 7,;, hidden in (5); later (16*) will refer to
the same with ¢ replaced ¢. Instead of V let us consider the symbolic vector operator

V. = (8/da,d/db, 0/, /00, 0/3p) .

Then (18) can be interpreted, thanks to the integration over €, as searching for the real vector
U = (a,b,To, 7o, p) from (19) with V. substituting V. Thus (20) can be rewritten with U
instead of V' (all indices remain unchanged) which will be referenced as (20*). The resulting
algorithm seems to be very short:

. initialize ¢ and Uy, set k < 0,
II. compute ¢;1(¢) and ca(¢y) from (10%),
ILa find ¢ by (21),
III. solve (14%) to receive ¢py1,
[II.a solve (20%) to receive Uyyq,

IV. check whether ¢y, is sufficiently close to ¢y and Uy, is sufficiently close to Uy; if not,
set k < k + 1 and go back to II., else accept ¢, as final ¢ and Uy as final U .

Nevertheless, to solve (20*) we have to integrate in fact not over (2, but over certain transformed
domain, due to the transformation from (21); its Jacobi matrix is

J(t o) = l Oz /0y 896/815] _ [% Yo — To ]
’ dy/dp Oy/ot Yy Y —Yo |
thus
dp = dzdy = |J(t, )] dpdt = [t (,(3 — Go) — (7 — To) )| dedt

which complicates any numerical integration scheme substantially. To illustrate this statement,
let us remind that

Vor = (0¢k/0p 00/ 0z + Oy [0t Ot /O, Dy [ Op Dp [ Oy + Dby /O Ot Dy)
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as a function of ¢ and t is needed in (20*); this must be done using the formal differentiation
of x and y in (21):

Yzt 0 %—% 0 DO 1

0 it 0 Ve — T D /0y _ |0

Yy — Yo 0 Yyt 0 ot/0x 0
0 %—% 0 Yyt ot/dy 1

The same fact obstructs to rewrite (10*) and (14*) in ¢ and ¢ easily. Nevertheless, the advantage
of such algorithm is that the “fully diffusional approach” may give all resulting parameters U
without forcing any a posteriori Newton iterations.

Let us notice some other technical problems. Namely all steps III. (including their modifi-
cations) contain “regularized Dirac functions” d.; their numerical treatment for € close to 0 can
be expected to force local mesh refinements in the finite difference approach. Some authors are
thus motivated to rewrite equations like (14) into their variational form and analyse them using
some multigrid finite element technique; e. g. [11] prefers CFEM (the “composite finite element
method”) by [17], an other efficient access to such multi-scale problems has been suggested in
[15]. For illustration of the variational approach, let us rewrite our crucial equation (14*) in
its integral form, respecting boundary conditions of type (11). The result is the “discretized
evolution equation”

= Gy — 0 - ) Vo
f, & [ (Sht00) (M4 300)) oot

= [ #0:60)(g = e du = [ 30(00)(g — ) .

dp

satisfied for any admissible test function ¢ (e.g. , in the simplest case, linear on the trianular
mesh); in practice the functions gg form a basis of some finite-dimensional function space con-
taining ¢r,1 that can be determined by solving a finite system of linear algebraic equations.
The macro-scale choice of gg can correspond to the size of pixels, the lower-scale one enables us
refinements due to d..

5 A remark to one practical application

As an illustrative example of practical application of the above mentioned theory let us con-
sider the following situation: we need to monitor the displacement of some part of building
construction in time, caused by various loads, in time, related to some a priori known reference
configuration. Our camera (rather cheap, but with guaranteed properties) obtains and stores
sequences of images in particular times. The above analyzed algorithms give us a chance to
detect any displacement at rather high accuracy level.
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The real experiments with such snapshot sequencies are now a part of research at the

Department of Technology of Buliding Materials and Prefabricated Elements of the Faculty
of Civil Engineering at the Brno University of Technology. The analysis of results should be
prepared for publication in the near future.

References

1]

[7]

8]

[9]

[10]

[11]

Ahn S. J., Rauh W., Warnecke H.-J. Least squares orthogonal distances fitting of circle,
sphere, ellipse, hyperbola and parabola. Pattern Recognition 34, 2001, 2283-2303.

Augado A. S., Montiel M. E., Nixon M. S. On using directional information for parameter
space decomposition in ellipse detection. Pattern Recognition 29, 1996, 369-381.

Bresson X., Vandergheynst P. Thiran J.-P. A priori information in image segmentation:
energy functional based on shape statistical model and image information. Proc. Int. Conf.
on Image Processing in Barcelona, 2003, 425-428.

Casseles V., Kimmel R., Sapiro G. Geodesic active contours. Int. J. Comput. Vision 22,

1997, 61-79.

Chan T. F., Vese L. A. Active contours without edges. IEEFE Trans. Image Processing 10,
2001, 266-277.

Chaudhuri B. B., Samanta G. P. Elliptic fit of objects in two and three dimensions by
moment of inertia optimization Pattern Recognition Lett. 12, 1991, 1-7.

Cheng Y. C., Lee C. S. A new method for quadratic curve detection using K-RANSAC
with acceleration techniques. Pattern Recognition 28, 1995, 663-682.

Dal Maso G., Morel J. M., Solimini S. A variational method in image segmentation: exis-
tence and approximation results. Acta Matematica 168, 1992, 89-151.

Dave R. N. Generalized fuzzy c-shells clustering and detection of circular and elliptical
boundaries. Pattern Recognition 25, 1992, 713-721.

Diewald U., Preusser T, Rumpf M. Strzodka R. Diffusion models and their accelerate
solution in image and surface processing. Acta Math. Univ. Comenianae LXX, 2000,
15-31.

Droske M., Ring W. A Mumford-Shah level-set approach for geometric image registration.
Preprint, University in Bonn, 2005.



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[24]

[25]

[26]

Stanislav Stastnik and Jiff Vala, Brno University of Technology

Fishler M. A., Bolles R. C. Random sample consensus: a paradigm for model fitting with
application to image analysis and automated cartography. Commun. ACM 24, 1981, 381-
395.

Fitzgibbon A., Pilu M., Fisher R. B. Direct least square fitting of ellipses. IEEE Trans.
PAMI 21, 1999, 477-480.

Gajewski H., Groger K., Zacharias K. Nonlinear Operator Equations and Operator Differ-
ential Equations. (In German.) Academie, Berlin 1974.

Glowinski R., He J., Lozinski A., Rappaz J., Wagner J. Finite element approximation of
multi-scale elliptic problems using patches of elements. Num. Math. 101, 2005, 663-688.

Guil N., Zapata E. L. Lower-order circle end ellipse Hough transform. Pattern Recognition
30, 1997, 1729-1744.

Hackbush W., Sauter S. Composite finite elements for the approximation of PDEs on
domainswith complicated micro-structures. Num. Math. 75, 1997, 447-472.

Ho C., Chan L. A fast ellipse/circle detector using geometric symmetry. Pattern Recogni-
tion 28, 1995, 117-124.

Hough P. V. C. Methods and means for recognizing complex patterns. US Patent 3069654,
1962.

Kac¢ur J., Mikula K. Slow and fast diffusion effects in image processing. Comput. Visual
Sci. 3, 2001, 185-195.

Kaderavek P. | Klima J., Kounovsky 1. Descriptive Geometry I. (In Czech.) Czechoslovak
Academy of Sciences, Prague 1954.

Klapka J., Piska R., Zezula J. Descriptive Geometry II. (In Czech.) Technical University
of Dr. E. Benes, Brno 1951.

Lei Y., Wong C. Ellipse detection based on symmetry. Pattern Recognition Lett. 20, 1999,
41-47.

Li H., Lavin M. A., Master L. Fast Hough transform: a hierarchical approach. J. Comput.
Vision Graphics Image Process. 36, 1986, 139-161.

Luksan L. Methods with Variable Metric. (In Czech.) Academia, Prague 1990.

Mec Lauglin R. A. Randomized Hough transform: improved ellipse detection with compar-
ison. Pattern Recognition Lett. 19, 1998, 299-305.



Numerical reconstruction of a circle from its photographical image at subpixel precision

[27]
28]

[29]

[30]
[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Rektorys K. and all. Survey of Applied Mathematics. (In Czech.) SNTL, Prague 1963.

Shen J., Shen W. Image smoothing and adge detection by Hermite itegration. Pattern
Recognition 28, 1995, 1159-1166.

Sussman S., Smereka P., Osher S. A level set approach for compressible solutions to in-
compressible two-phase flow. J. Comput. Phys. 119, 1994, 146-159.

Vincze M. Robust tracking of ellipses at frame rate. Pattern Recognition 34, 2001, 487-498.

Vitasek E. Fundamentals of the Theory of Numerical Methods for the Analysis of Differ-
ential Equations. (In Czech.) Academia, Prague 1994.

Weickert J. Application of nonlinear diffusion in image processing and computer vision.
Acta Math. Univ. Comenianae LXX, 2000, 33-50.

Xie Y., Ji Q. A new efficient ellipse detection method. Proc. Int. Conf. on Pattern Recog-
nition in Quebec, 2002, 957-960.

Yin P-Y. A new circle/ellipse detector using genetic algorithms. Proc. IPRR Conf. in
Taipei, 1998, 362-368.

Yin P.-Y., Chen L. New method for elliptic detection by means of symmetry. Journal of
Electronic Imaging 3, 1994, 20-29.

Yoo J. H., Seithi I. K. An ellipse detection method from the polar and pole definition of
conics. Pattern Recognition 26, 1993, 307-315.

Zhang Y. J., Liu Z.-Q. Self-splitting competitive learning: a new on-line clustering
paradigm. IEEFE Trans. Neural Networks 13, 2002, 369-380.

Zhang Y. J., Liu Z.-Q. A robust, real-time ellipse detector. Pattern Recognition 38, 2005,
273-287.



