TOPOLOGY ON POWER SET Vietoris topology

Šárka Hošková

University of Defence Brno, Faculty of Military Technology, Department of Mathematics and Physics e-mail: sarka.hoskova@seznam.cz

Abstract The aim of this remark is to show one possible way how to define a topology on a power set P^∗(H) if the topology of the set H is given. In the paper we will recall the Vietoris topology defined in 1922 by an Austrian mathematician Leopold Vietoris (1891–2002) and show the way how to use it.

Assume that (G, ·) is a groupoid and τ is a topology on G. If the binary operation ·: G×G → G is continuous, the triple (G, ·, τ) is called a topological groupoid.

The continuity of binary operation “·” means that for every O ∈ τ the set {(x, y) ∈ G × G : x · y ∈ O} is open in G × G (endowed with ordinary product topology τ × τ).

As the hyperoperation “·” is a mapping from H × H to P^∗(H) giving topologies on H and P^∗(H) we can speak about the continuity of hyperoperation “·” and define topological hypergroupoid or topological hypergroup. Unfortunately, if a topology is given on H, there is no standard straightforward way how to generate a topology on P^∗(H).

First let us recall that a base B of a topological space (X, τ), i.e. a family of open sets such that any O ∈ τ is a union of sets from B, has the following two properties [3]:

(B1) For any U_1, U_2 ∈ B and every point x ∈ U_1 ∩ U_2 there exists a U_3 ∈ B such that x ∈ U_3 ⊂ U_1 ∩ U_2.

(B2) For every x ∈ X there exists a U ∈ B such that x ∈ U.

Conversely, any system B of sets fulfilling (B1) and (B2) determines a unique topology τ on X such that this system is a base of τ.

Further, a family of open sets S is called a subbase of a topological space (X, τ) if the family of all finite intersections U_1 ∩ U_2 ∩ · · · ∩ U_k, where U_i ∈ S for i = 1, 2, . . . , k, is a base for (X, τ).

Any family S of subsets of X such that its union is X serves as a subbase of a unique topology on X.

Recall as well the basic terms and definitions of hyperstructure theory which will be used in this paper—see [1, 2, 4].

Let H be a nonempty set and P^∗(H) the set of all nonempty subsets of H. Then a hypergroupoid is a pair (H, ·), where ·: H × H → P^∗(H) is a binary hyperoperation operation on the set H. If a · (b · c) = (a · b) · c for all a, b, c ∈ H, (associativity axiom), then (H, ·) is called a semihypergroup. A semihypergroup (H, ·) is said to be a hypergroup if the following reproduction axiom is satisfied: a · H = H = H · a for all a ∈ H.

For A, B ⊆ H, A ≠ ∅ ≠ B we define as usual A · B = ⋃ {a · b; a ∈ A, b ∈ B}. The notations a·A and A·a are used for {a}A and A{a}, respectively. Generally, the singleton {a} is identified by its element a.

In 1922 an Austrian mathematician L. Vietoris (1891—2002) [6], see also [3, p. 162], defined on the collection of all nonempty closed subsets CL(S) of a topological space (S, τ) a topology as follows: For each finite collection U_1, . . . U_n ∈ τ, let ⟨U_1, . . . U_n⟩ denote the set of all A in CL(S) such that A ⊂

⋃_n i=1 and A ∩ U_i ≠ ∅ for each i = 1, 2, . . . , n; the sets ⟨U_1, . . . U_n⟩ form the base of a topology on CL(S).

In the case of compact connected metric space S this topology coincides with the topology induced by the so-called “Hausdorff metric”. Recently, this metric has again become important, for example in fractal image compression.

His approach can be applied to the collection of all nonempty subsets of (S, τ) as follows: Let (H, τ) be a topological space. For any U_1, . . . U_k, k ∈ N, U_i ∈ τ for i = 1, . . . , k, let us denote V(U_1, . . . U_k) = { B ∈ P^∗(H) : B ⊂ k⋃ i=1 U_i and B ≈ U_i for i = 1, . . . , k } . The family B of all sets V(U_1, . . . U_k) forms a base of a topological space (P^∗(H), τ_V ). The topology τ_V is called a Vietoris topology on P^∗(H).

Assume now that the triple (G, ·, τ) is a topological groupoid. As was mentioned above the continuity of “·” means that for every O ∈ τ the set {(x, y) ∈ G×G : x·y ∈ O} is open in G×G. If we consider a binary operation than the condition given on a mapping to be continuous is that full inverse image of an arbitrary open set is an open set. As the hyperoperation “·” is a mapping from H × H to P^∗(H) giving topologies on H and P^∗(H) we can speak about the continuity of “·”. If we consider a hyperoperation (so the product of two elements is a set resp. subset of H) there are two ways how to define a continuous mapping:

I. First—the product, i.e. the whole set, has to be a subset of an opened set O. II. Second—the product has to have a nonempty intersection with an opened set O.

As we mentioned at the beginning of this paper if a topology is given on H, there is no standard straightforward way how to generate a topology on P^∗(H), but from the previous it is clear that the Vietoris topology is one of the possible ways how to define a topology on P^∗(H) if a topology on H is given. See [5] for more details.

References

[1] Corsini, P.: Prolegomena of Hypergroup Theory, Aviani Editore, Tricesimo, 1993. [2] Corsini, P., Leoreanu. V.: Applications of Hyperstructure Theory, Kluwer Academic Publishers, Dordrecht, Hardbound, 2003.

[3] Engelking, R.: General Topology, PWN-Polish Scientific Publishers, Warszawa 1977, 626 pp. [4] Hošková, Š.: Abelizations of weakly associative hyperstructures and their proximal modifications, Disertation Thesis, Masaryk University Brno, 2003.

[5] Hošková, Š.: Topological hypergroupoids, submitted to Acta Mathematica Hungarica, (2006). [6] Vietoris, L.: Bereiche zweiter Ordnung, Monatsh. für Math. und Phys. 32 (1922), 258–280.