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Abstract

We consider the stationary Stokes system with mixed boundary conditions in polygonal
domain. Let  C R? be a bounded domain, 09 € C%! and 9Q = I';y UT'; such that I'; and T’y
are closed, sufficiently smooth, 1-dimensional measure of I'y NI’ is zero and 1-dimensional
measure of I'; is positive. We prescribe the non-slip boundary condition on I'; and the
boundary condition

Ju
Pn + o 0

on I's. Here u = (u1,usq) is velocity, P represents pressure and n = (ni,ns) is an outer
normal vector. We consider corner points on boundary, where the boundary conditions
change their type. The weak solution to the Stokes system with mixed boundary conditions
in a polygonal domain belongs to weighted Sobolev spaces. Regularity results are contained
in [2] and [9]. The regularity results are important for an error analysis of numerical methods,
i.e. the regularity of the weak solution has a great influence over the rates of convergence for
finite element methods. We present finite element error estimates depending on regularity
of the weak solution.

1 Introduction

Let Q be a polygonal domain in R? with a Lipschitz boundary and with corner points on
boundary, 9Q € C%! and let I';, I's be open disjoint subsets of 9 such that 9Q = T; U Ty,
'y # 0 and the 1-dimensional measure of 9Q — (I'y UT'9) is zero. The domain  represents a
channel filled up with a fluid, I'; is a fixed wall and I'y is both the input and the output of the
channel.

The classical formulation of our problem is as follows:

—vAu+VP = f inQ, (1)

diveu = 0 in{, (2)

u = 0 inTy, (3)

—Pn + Va—u = 0 inTs. (4)
on

Functions u, P, f are “smooth enough”, u = (uq, uz) is velocity, P represents pressure, v denotes
the viscosity, g is a body force and n = (n1,n2) is an outer normal vector. The problem (1)—(4)
will be called the steady Stokes problem with the mixed boundary conditions. For simplicity we
suppose that v = 1 throughout this chapter.

The Dirichlet boundary condition (3) expresses a non-slip behaviour of the fluid on fixed walls
of the channel. The condition (4) expresses ”do nothing” boundary condition.



Og Iy Os

Fig. 1: Polygonal domain with corner points.

2 Weak formulation of the problem

Let

EQ)={uc C*°(Q)?; divu = 0, suppu NIy = 0}.
Let VEP be a closure of £(Q) in the norm of W*P(Q)2, k > 0 (k need not be an integer) and
1 < p < co. Then V*P is a Banach space with the norm of the space W*?(Q2)2. For simplicity,
we denote V12 and V92, respectively, as V and H. Note, that V and H, respectively, are Hilbert

spaces with scalar products ((, ))V and ((, )) o
0P; 0,

)y =2, P), = | V& VI JdQ) =

Dy = (@ @), = [ @ = G

d(2)

and

()= (@), = |

Q
and they are closed subspaces of spaces W12(Q)% and L?(Q2)2.

Definition 1 Let f € H. Then u is called a weak solution of the Stokes problem with the mized
boundary conditions and with data f (problem (1)-(4)) if u € V and

(w,0))y = (#:0) (5)

¥ dQ) :/qmpi ()
Q

holds for every v € V.

Existence and uniqueness of the weak solution of (5) is known. Let us remark, that there exists
some distribution P € Ly(£2) such that

VP=Au+§f

in the distribution sense in 2.

Essential problems are:

e How does the smoothness of the weak solution (u,P) € [W12(Q)]? x L2(Q) depends on
the size of the angle w;, i.e., how regular is the weak solution?

e How depends the convergence rate of numerical methods on the regularity of the weak
solution (u, P)?



3 Partition of polygonal domain

By {Th}he(o,ho)v ho > 0, we denote the system of triangulations of  with usual regularity
properties from the finite element theory. 7;, is formed by a finite number of closed triangles (or
quadrilaterals) €, such that

o= | o

Qe€Ty,
If Q@l? QEQ € 7;” Qel # 9627 then either
Qe, NQe, =0
or
Qe, N, is a common vertex of Qe , Qe
or

Qe, N, is a common side of Qe , Qe,.

Denote by h. the diameter of €2, and h = maxq,c7;, he.
Let us assume that 7}, is regular (see [3], [7]), i.e., there exists a constant C' > 0 such that

meas 2, > ChQR,

for any 73, and any (2. € 7j, where hq, is diam €Q..

4 Interpolation error

Consider now a nonempty finite dimensional subspace V;, C V. Let V}, be a finite element space
of piecewise polynomial shape functions of a degree n = k — 1 such that

li inf — =0.
hli% U}LIéVh Hu 'UhH[Wl,Q(Q)]Q 0

Denote by Ij an interpolation operator, i.e., linear continuous operator such that I, : V — V), C
V., In(vp) = vy, for all v, € Vp,. In [3] and [8] have been studied approximation error estimates
locally in each element. We state here the results and refer to [3], [8] for more details.

Regular partition implies the quality of the approximation Iu of wu:

The following local approximation property holds for every u € [W™P(Q)]?, m < k, and
Qe € Ty, provided [W™P(Q)]2 C [WH(Q)2,0<1<m,1<p< oo, 1<qg< 00,

mel—o(1_1
e = Tyull g,y < ch™ (G q)IIVmUII[Lp(Qa]?- (6)

Let us now assume the general case Vj, C [W59(Q)]2. The following inverse inequality holds
for all vy, € V}, (see [8])

o(l_L
IVivnlljLaa. )z < ch (; ql)Hvl’Uh”[qu(Qe)P (7)
for every Q. € T, 1 < q1 < q < 00, Q C R?.

The relations (6) and (7) allows us to derive the global error estimates in domain 2 of FEM
approximation in dependence on the regularity of the weak solution (u,P) € [W12(Q))% x La(Q).



5 Regularity of the weak solution near corners

Regularity of the Stokes flows was studied by many authors for a lot of examples with different
boundary conditions (see [2], [6], [9]). We give shortly the ideas and the results and refer to
presented publications.

In order to get regularity results of the weak solution (u,P) € [W12(Q)]? x Ly(2) near
corner points we consider the weak solution from weighted Sobolev spaces instead of usual
Sobolev spaces. The weighted Sobolev spaces are defined as follows (see [8])

1

VRP(Q, 8) = { u; Z/|Dau(x)\p|x—oy<ﬁk+a|)pdx <oy,
Q

o<k

where 3 is arbitrary real number, k£ > 0.

It was proved by V.A.Kondra’tev (see [5]) that
(u,P) € V**(Q,146)]* x V(2,1 +6)

for a arbitrary small positive real number . The weak solution (u,P) € [V*2(Q,1 + §)]? x
V12(Q,1 4 6) can be investigated as a strong solution of (1)—(4). We describe the standard
procedure which was developed by V.-A. Kondra'tev [5] and further developed by A.-M. Sandig
and A. Kufner in [8] and applied in [2] to the mixed problem for the Stokes system in the
following steps:

e By ”localization principle” we restrict (multiplying the Stokes system (1)—(4) by cut off
function) our boundary value problem to a neighborhood of a corner point O; and consider
the ”modified problem” in infinite cone Kj;.

e Using polar coordinates (r,w) and the substitution » = e” and applying the complex
Fourier transform with respect to 7 we get the boundary value problem for the system of
ordinary differential equations depending on a complex parameter \.

e The regularity results follows from asymptotic expansion of the solution in dependence of
the distribution of the eigenvalues A.

Localization principle makes possible to investigate other cases of polygonal domains with
many variations of different boundary conditions (see Fig. 2).

Q
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Fig. 2: Other cases of polygonal domains with different variations of boundary conditions.




Let us denote by wpy the maximal angle from the set of all angles corresponding to the
corner points on the boundary, where boundary conditions change their type.
Analogously, let us denote by wpp—nn, the maximal angle of the remaining angles (the same
type boundary conditions on the both adjacent sides of the corresponding corner point). If
there is not corner point of such type or wpp_yny < 7, we set strongly wpp_nynN = 7, i.e.,
wpp—NN = 7 is the minimal value.

For regularity of the weak solution (u,?P) holds the following proposition (according to re-
sults obtained in [2]):

Theorem 2 If the strip up < Im X\ < g, where p = § — 1 with arbitrary small € > 0, is free of
zeros of the equation (see Fig. 1)

DDN()\) = (i)\)2 sin2[wDN] — cos2[(i)\)wDN] = 0, (8)
as well the equation (see Fig. 2)
Dpp-nn(A) = (iN)?sin®[wpp_nn] — sin?[(iNwpp_yn] = 0, (9)

then
(u,P) € [V22(Q,0)]? x V12(Q,6) (10)

and the following estimate holds

ullpp22@en2 + IPlviz@s) < CllFlliza@)2- (11)
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Fig. 3: DDN()\) =0. Fig. 4. DDD—NN()\) =0.

6 FEM error analysis

6.1 Finite element aproximation

The finite dimensional subspace V}, C V' is the space of continuous functions u;, (defined on )

_ <3¢h Wh)
Up = - )

8%‘2 ’ 6$1



where 1, € Xj,. For precisely definition of the space X}, see [14]. It is clear that divu, = 0. This
internal aproximation of V' is stable and convergent provided A belongs to a regular triangulation
T, of Q.

Now we are able to pronounce the aproximation of the Stokes problem (5). The problem to
find uj, € V}, such that

(wn,vn))y = (fovn)y  Yvn € Va, (12)

has uniquely determined solution (see [14]). wy, is called the finite element solution (aproxima-
tion).

We have pronounced, that ((, )) is scalar product in H. From (5) and (12) follows the

orthogonality relation "
((u — uy, ’Uh))v =0 Yo, € Vy. (13)
Further, we get for all v, € V},
|w—wupl|} = ((u —up, U — uh))v
(o) + (= e v~ ),
= ((u—uh, u—'vh))v, (14)

since vy, — up € V3. From (14) and Schwartz inequality we get
Hu—uhHV < Hu—vhHV Yo, €V, (15)
and

— = inf — . 16
lw — uplly U}L%Vh\lu vpllv (16)

Let Ij, be a linear continuous interpolation operator I, : V. — Vj, C V such that I(vy) = vy
(see section 4). If uj, # v, on a set with a positive measure, then

lw —upfly = inf [lu—vpllv <llu—Luly. (17)
REVR

O

It is well known that there exists P € La(€2) which satisfy (1) in distribution sense. Let Ly
be the finite dimensional subspace of Lo(2). We can introduce the discrete pressure P € Ly,.
Denote by Wj, the finite dimensional subspace of W = {® € [W'?(Q)]>, ® =0 on I';}. This
function Py, is such that

((uh,vh))v — ((Ph, div ’Uh))H = ((f,'vh))H Yo, € W (18)

Further
((u, @))V — ((P,div®))g = ((_f, (I)))H Vo e W. (19)

Since W, C W we get

((u — uh,'vh))v — (P —Pp,divog))g =0 Vo, € W (20)
Let wy, € Wy, satisfy divwy, = P — Pp,. Such wy, exists (see [1]). Then

1P — PullE = (v — wn, wp))y, < [lu—un|v[|P — Pulla

and finally
P — P, < inf |lu—w . 21
” hHH = ’UiG"h ” h“V ( )



6.2 Main result

Theorem 3 Let Q be a polygonal domain in R? with the set K of singular boundary (corner)
points. Let T;, be a family of partitions of Q as defined in section 3. Let the strip p < Im \ < e,
where p = 6 — 1 with arbitrary small € > 0, is free of zeros of the equations (8) and (9) in the
sense of Theorem 2. Then the finite element error can be estimated by

lw —up i)z + 1P = Pulla) < CA7NF a0 (22)

i.e.

[ — wnl| 2 gye + 1P = Palla@) = O(h' ). (23)

PROOF: From (17) it follows that

[T uh”[Qle?(Q)]? < u— IhuH[QWl»Z(Q)P = Z Jw— Ih“”%wl,z(ge)p- (24)
QeGTh

We split the last term and estimate it in the following way:

llw— Ihu||[2wl,2(ge)]2 < 2Hu||[2W172(Q6)]2 + 2||Ihu||[2W1 2(Q)]2
< 2020 ullf e + 20 0TIVl o e + 2Ch P Thullf )2
< 20RO ulf? g2 + 20RO 0 1VUH[L2(Qe)]2
+2Ch_4HIhu”[2L2(Q/)]2
< 20ntY (\\7’572“”2@ gt I~ YVl o )]2> +2Ch, 4HIhUH )
< QChg(l_é)HuH[QVQ’Q(Qe )2 2+ 2Ch’ 4HuH [C())2 ( )
where we have used the inverse inequality (7) in the form
Ihwllwrzz < CheHlIhull @,
which is useful for our case. Remark, that the embedding
V32(Q,8) — C(Q)
holds for every § > 0. Then the last term in (25) we can estimate by
20l s < 200 Py e < 20T 20 [l
< 2Chz(1_5)||u||[2vz,2(9675)]2. (26)

From the estimates (25) and (26) we conclude
[ — Tyulrag, e < ChEClullpea, s

Together with (11), (17) and (21) we get (22), the proof is complete.



7 Conclusions

In this paper, a stationary Stokes problem equipped with mixed boundary conditions in polyg-
onal domain have been analyzed. The regularity results, which are presented, are important
for an error analysis of numerical methods, i.e., the regularity of the weak solution has a great
influence over the rates of convergence for finite element methods. The main result is the proof
of error estimate for finite element approximation of the weak solution in polygonal domain.
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