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Absolutńı extrémy funkce svou proměnných

Př́ıklad 1. Najděte globálńı extrémy funkce f na množině M:

a) f(x, y) = 2x3+xy2+5x2+y2, množinuM tvoř́ı obdélńık s vrcholy o souřadnićıch A = [−2, 0], B = [1, 0], C = [1, 2],

b) f(x, y) = x2 + y2 − 2y + 1, M =
{

[x, y] : x2 + y2 ≤ 4, x ≥ 0
}

,

c) f(x, y) = x2 − xy + y2, M = {[x, y] : |x|+ |y| ≤ 1}.

Řešeńı.

a)

bod funkčńı hodnota
S1 = [0, 0] 0 → absolutńı minimum
S2 = [− 5

3 , 0] 4, 63
S3 = [−1, 2] 3
S10 = [− 2

3 , 2] 2,693
A = [−2, 0] 4
B = [1, 0] 7
C = [1, 2] 15 → absolutńı maximum
D = [−2, 2] 0 → absolutńı minimum

b)

bod funkčńı hodnota
S1 = [0, 1] 0 → absolutńı minimum
A = [0,−2] 9 → absolutńı maximum
B = [2, 0] 5
C = [0, 2] 1
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c) f(x, y) = x2 − xy + y2, M = {[x, y] : |x|+ |y| ≤ 1}

• nejdř́ıve najdeme všechny stacionárńı body funkce f ,
řeš́ıme soustavu:

2x− y = 0

−x + 2y = 0

a dostáváme stacionárńı bod o souřadnićıch S1 = [0, 0],
který patř́ı do množiny M.
• stacionárńı body na hranici:

x

y

●

S1

M

−1 1

1

−1

Opět poṕı̌seme jednotlivé části hranice, na kterých hledáme stacionárńı body.

1. y = x + 1, x ∈ [−1, 0]: g1(x) = f(x, x + 1) = x2 − x(x + 1) + (x + 1)2 → g1(x) = x2 + x + 1
g′1(x) = 2x + 1, hledáńı stacionárńıho bodu: 2x + 1 = 0→ x = − 1

2 → S2 = [− 1
2 ,

1
2 ]

2. y = −x + 1, x ∈ [0, 1]: g2(x) = f(x,−x + 1) = x2 − x(1− x) + (1− x)2 → g2(x) = 3x2 − 3x + 1
g′2(x) = 6x− 3, hledáńı stacionárńıho bodu: 6x− 3 = 0→ x = 1

2 → S3 = [ 12 ,
1
2 ]

3. y = −x− 1, x ∈ [−1, 0]: g3(x) = f(x,−x− 1) = x2 + x(x + 1) + (x + 1)2 → g3(x) = 3x2 + 3x + 1
g′3(x) = 6x + 3, hledáńı stacionárńıho bodu: 6x + 3 = 0→ x = − 1

2 → S=[− 1
2 ,−

1
2 ]

4. y = x− 1, x ∈ [0, 1]: g4(x) = f(x, x− 1) = x2 − x(x− 1) + (x− 1)2 → g4(x) = x2 − x + 1
g′4(x) = 2x− 1, hledáńı stacionárńıho bodu: 2x− 1 = 0→ x = 1

2 → S5 = [ 12 ,−
1
2 ]

• společné body jednotlivých část́ı hranice:

A = [−1, 0], B = [0, 1], C = [1, 0], D[0,−1].

• porovnáńı hodnot funkce f v nalezených bodech

Body maj́ı stejné souřadnice: S2 a C, S3 a A, S1 a S4

bod funkčńı hodnota
S1 = [0, 0] 0 → absolutńı minimum
S2 =

[
− 1

2 ,
1
2

]
0,75

S3 =
[
1
2 ,

1
2

]
0,25

S4 =
[
− 1

2 ,−
1
2

]
0,25

S5 =
[
1
2 ,−

1
2

]
0,75

A = [−1, 0] 1 → absolutńı maximum
B = [0, 1] 1 → absolutńı maximum
C = [1, 0] 1 → absolutńı maximum
C = [−1, 0] 1 → absolutńı maximum
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Př́ıklad 2. (Vázané extrémy.) Najděte extrémy funkce f(x, y) = x + 2y za podmı́nky x2 + y2 = 5.

Řešeńı. Hledáme absolutńı minimum/maximum funkce f(x, y) = x + 2y při vazebné podmı́nce x2 + y2 = 5.
• nehledáme stacionárńı body uvnitř kruhu, protože vazebná podmı́nka vyjadřuje pouze jej́ı hranici
• stacionárńı body na hranici: Opět poṕı̌seme jednotlivé části hranice, na kterých hledáme stacionárńı body.

1. y =
√

5− x2, x ∈ [−
√

5,
√

5]: g1(x) = f(x,
√

5− x2) = x + 2
√

5− x2

g′1(x) = 1− 2 · 12 ·
2x√
5−x2

, hledáńı stacionárńıho bodu:

1− 2x√
5− x2

= 0

√
5− x2 − 2x√

5− x2
= 0√

5− x2 − 2x = 0 ∧ x 6= ±
√

5

5− x2 = 4x2

5x2 − 5 = 0

→ x = ±1 → y = 2 (dosazeńı x = ±1 do y =
√

5− x2)
→ S1 = [−1, 2], S2 = [1, 2].

x

y

0 5− 5

5

− 5

2. y = −
√

5− x2, x ∈ [−
√

5,
√

5]: g2(x) = f(x,−
√

5− x2) = x− 2
√

5− x2

g′2(x) = 1 + 2x√
5−x2

, hledáńı stacionárńıho bodu:

1 +
2x√

5− x2
= 0

√
5− x2 + 2x√

5− x2
= 0√

5− x2 + 2x = 0 ∧ x 6= ±
√

5

5− x2 = 4x2

5− 5x2 = 0

→ x = ±1→ y = −2 (dosazeńı x = ±1 do y = −
√

5− x2)
→ S3 = [−1,−2], S4 = [1,−2].

• společné body jednotlivých část́ı hranice:

A = [−
√

5, 0], B = [
√

5, 0].

• porovnáńı hodnot funkce f v nalezených bodech

bod funkčńı hodnota
S1 = [−1, 2] 3
S2 = [1, 2] 5 → absolutńı maximum
S3 = [−1,−2] -5 → absolutńı minimum
S4 = [1,−2] -3
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√

5, 0] −
√
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• graf
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• Hřeb́ıčková, Slaběňáková, Šafářová. Sb́ırka př́ıklad̊u z matematiky II, CERM, 2008
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