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Integrace goniometrických funkćı

• I. Integrály typu ∫
R(sinx, cosx) dx,

kde R(u, v) = P (u,v)
Q(u,v) je racionálńı funkce 2 proměnných u = sinx a v = cosx, lze převést na integrál z racionálńı

funkce při substituci:

1. R(−u, v) = −R(u, v) −→ cosx = t

2. R(u,−v) = −R(u, v) −→ sinx = t

3. R(−u,−v) = R(u, v) −→ tg x = t

sinx =
t√

1 + t2

cosx =
1√

1 + t2

dx =
dt

1 + t2

4. ostatńı př́ıpady −→ tgx
2 = t

sinx =
2t

1 + t2

cosx =
1− t2

1 + t2

dx =
2dt

1 + t2

• II. Integrály typu ∫
sinαx · sinβxdx, α, β ∈ R

- k výpočtu integrál̊u
∫
sinαx · sinβxdx,

∫
sinαx · cosβxdx,

∫
cosαx · cosβxdx

- vzorce:

sinαx · sinβx =
1

2
(cos (α− β)x− cos (α+ β)x)

cosαx · cosβx =
1

2
(cos (α− β)x+ cos (α+ β)x)

sinαx · cosβx =
1

2
(sin (α+ β)x+ sin (α− β)x)

• III. Integrály typu ∫
sinm x · cosn x dx, m, n ∈ N0 sudá

- vzorce:

sin2 x =
1

2
(1− cos 2x)

cos2 x =
1

2
(1 + cos 2x)

sin 2x = 2 sinx · cosx
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∫
sin3 x cos3 xdx = |cosx = t| = · · · = 1

6
cos6 x− 1

4
cos4 x+ c

= |sinx = t| = · · · = 1

4
sin4 x− 1

6
sin6 x+ c

= |tgx = t| = · · · =
∫

t3

(1 + t2)4
dt =

I. zp.: rozklad na PZ → itentegrál z racionálńı lomené funkce typu II pro k > 1 (nepožaduji)

II. zp.: zavedeńım daľśı substituce
∣∣t2 + 1 = u

∣∣ = · · · = 1

2

∫ (
1

u3
− 1

u4

)
du = −1

4
· 1

u2
+

1

6
· 1

u3
+ c

= −1

4
· 1(

tg2x+ 1
)2 +

1

6
· 1(

tg2x+ 1
)3 + c

=
∣∣∣tgx

2
= t

∣∣∣ = 16

∫
t3 · (1− t2)3

(1 + t2)7
dt =

∣∣1 + t2 = u
∣∣ = 8

∫
(u− 1)(2− u)3

u7
du

= 8

(
−u−2

−2
+ 7 · u

−3

−3
− 18 · u

−4

−4
+ 20 · u

−5

−5
− 8 · u

−6

−6

)
+ c, kde u = 1 + tg2
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Graf primitivní funkce
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cos(x) = t sin(x) = t tg(x) = t tg(x 2) = t
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