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Consider the following initial value problem
y'(t) = f(t.y(t), Ky(t)), y(0)=0 ae tel, (1)

where I = [0,7], f: I x R"x R* — R", and Ky(t) fo k(t,s,y(s))ds is a
Fredholm operator with k : [ x I x R — R"™.

Similarly problems have been investigated in [1,2,3]. Throughout this contri-
bution the space of continuous functions on the interval I is denoted by C(I)
with the norm |.|y given by

lylo = sup |y(t)].
te[0,T]

LP(I), 1 < p < o0, is the space of measurable functions. For y € LP(I)the

norm is given by
1
p
ol = ([1wterar)” sor 1< p <o
I

llyll, = ess sup |y(t)| for p = oo.
tel

Finally, AC(I) is the space of absolutely continuous functions on I.
To obtain an existence theorem for (1) there is used Leray-Schauder Nonlinear
Alternative type:

Le C be a convex subset of a normed linear space E, and let U be an open
subset of C with p* € U . Then every compact, continuous map N : U — C
has at least one of the following two properties:

(I) N has a fized point.
(II) there is a x € OU, with x = (1 — \)p* + ANz for some 0 < \ < 1.

Definition 1. A function f : I x R* x R* — R", is L' -Carathéodory, if
the following conditions hold:

(i) the map t — f(t,z,y) is measurable for all (x,y) € R*,
(ii) the map (x,y) — f(t,z,y) is continuous for a.e. t € I,

(iii) for anyr >0 , there exists h, € L'(I), such that, |f(t,z,y)| < h.(t), for
a.e. t €1, and for all |x| <7, |y| <.



Definition 2: A function x : I x I x R"* — R" is integrable bounded L' -
Carathéodory in t , if the following conditions hold:

(i) the map s — kKi(s,y) = k(t,s,y) is measurable for all y € R",
(i1) the map y — Ki(S,y) is continuous for a.e. s € I,

(iii) for any r > 0 , there exists ur,t € L'(I), such that , |y| < r implies
|Ke(8,9)| < pre(s) for ae. s €1,

() supyer [, piri(s)ds < oo,

Theorem. Suppose the following conditions are satisfied :

(i) the map (t,s) — k(t,s,z) is measurable for all x € R™ , and the map
x — K(t,s,y) is continuous for a.e. (t,s) € I x I,

(11) K is integrably bounded L' -Carathéodory in t,
(iii) fis L'-Carathéodory .

In addition, suppose there exists a constant M > 0 , independent of A , with
lyo| < M, |ylo # M for any solution y € AC(I) of

y' () = At y(), Ky(®), y(0) =0 ae t€[0,T],

for each X € (0,1). Then (1) has at least one solution y € AC(I).
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