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Abstract

In early studies of Hilbert spaces (by Hilbert, Hellinger, Toeplitz, and others)
the object of chief interest were quadratic forms. Nowadays, quadratic ques-
tions about a linear continuous operator are questions about its numerical
range - [1], [3], [5]. Students may find in this paper a motivation to go on to
a deeper understanding of the properties of linear operators and matrices as
well as some numerical methods how to determine their numerical ranges. It
is rather surprising that the proof of the so called Elliptical Range Theorem
for the matrices of order 2 is tedious - [4].

We deal with the Banach algebra B(H) of linear continuous operator on a
complex Hilbert space . The numerical range of an operator 7' € B(H) is
the subset of the complex field C, given by

V(T) ={(T=z|z) | z € H, ||z]| =1}.
The next fundamental result is known as the Toeplitz-Hausdorff theorem.

Theorem The numerical range V(T') of T' € B(H) is convex.

This theorem has many proofs, a recent one is due to C.K. Li ,,C-Numerical
Ranges and C-Numerical Radii”, Linear and Multilinear Algebra (1994), 37,
51-82.

The numerical radius of 7' € B(H) is given by
v(T) =sup{|A| | X e V(T')}.

Obviously, v(1T™) = v(T) for every T' € B(H), and for any vector z € H, we
have
|(Tz|z)| < o(T) - [|=]].

Lemma For T € B(H), ||T|| < v(T) , and v(T?) < »(T)2
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In the following H denotes a Hermitian space. Let £(H) denotes the algebra
of linear operators on . By K(C) we denote the metric space of nonempty
compact subsets of C endowed with the Hausdorfl metric A. If K, K, €
K(C), then

A(Ky, K3) = max[sup{dist(\, K1) | A € Ky}, sup{dist(\, K3) | A € K, }]

where dist(A, K;) = inf{|A — u||p € K}, j = 1, 2. The most important
facts about V(T') are the following

Theorem

a) If T € L(H), then V(T) is a compact, convex subset of C, and the
numerical radius is attained.

b) o(T) € V(T) for every T € L(H).
) V(T +8) C V(T) +V(S), T, S € L(H).
d) AV(T), v(S) <||T-S||, T, S € L(H).
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